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Abstract— This paper presents an adaptation of a novel
algorithm based on the foraging behavior of honey bees
to solve constrained numerical optimization problems. The
modifications focus on improving the way the feasible region
is approached by using a new operator which allows the
generation of search directions biased by the best solution so far.
Furthermore, two dynamic tolerances applied in the constraint
handling mechanism help the algorithm to the generation
of feasible solutions. The approach is tested on a set of 24
benchmark problems and its behavior is compared against the
original algorithm and with respect to some state-of-the-art
algorithms.

I. INTRODUCTION

The use of heuristic-based search algorithms to solve
optimization problems is very common nowadays. Swarm
intelligence (SI) comprises a set of search algorithms based
on the collaborative behavior observed in simple living
organisms such as birds and insects, among others [1].
Besides the two main SI paradigms, ant colony optimization
(ACO) [2] and particle swarm optimization (PSO) [3], there
are other novel proposals such as the bacterial foraging
optimization [4], Fish School Search [5] and glowworm
swarm optimization [6]. All of them are characterized by
a decentralized control, self-organization and adaptation [7].

Honey bees have been also a source of inspiration for diffe-
rent algorithms to solve optimization problems [8]. There are
two main behaviors found in bees which have been modeled
as optimization algorithms: (1) The mating behavior [9] and
(2) the foraging behavior [10].

The problem tackled in this paper is the constrained
nonlinear optimization problem (CNOP), which, without loss
of generality, can be defined as to:

Find x which minimizes

f(x) (1)

subject to

gi(x) ≤ 0, i = 1, . . . , m (2)

hj(x) = 0, j = 1, . . . , p (3)
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where x ∈ IRn is the vector of solutions x =
[x1, x2, . . . , xn]T and each xi, i = 1, ..., n is bounded by
lower and upper limits Li ≤ xi ≤ Ui which define the search
space S, F comprises the set of all solutions which satisfy
problem constraints and it is called the feasible region; m
is the number of inequality constraints and p is the number
of equality constraints. Both, the objective function and the
constraints can be linear or nonlinear. To handle equality
constraints they are transformed into inequalities constraints
as follows: |hj(x)|− δ ≤ 0, where δ is the tolerance allowed
(a very small value).

In a similar way to evolutionary algorithms (EAs) [11],
SI algorithms lack a mechanism to deal with the constraints
of a CNOP [12]. Therefore, there are different constraint-
handling mechanisms which can be added to a SI algorithm
in order to bias the search to the feasible region F of the
search space S.

Most of the constraint-handling techniques are usually
coupled with EAs [13], [14] and PSO [15], [16], [17].
However, the use and analysis of other SI algorithms to solve
CNOPs are still scarce and this is the case of those based on
honey bee behaviors.

In this paper the Artificial Bee Colony (ABC), a novel
algorithm based on the foraging behavior of honey bees,
is adapted with three new mechanisms to improve its ca-
pabilities to solve CNOPs. Those new mechanisms are a
special operator useful to approach the feasible region from
different areas with the aim to improve the quality of feasible
solutions. Furthermore, two dynamic tolerances are added
to handle constraints (mainly inequality constraints, whose
presence is a well-documented source of difficulty in this
type of optimization problems [18]).

The document is organized as follows: Section II presents
the original ABC algorithm, while in Section III a review of
other algorithms based on bee behaviors to solve numerical
optimization problems is summarized. After that, the modi-
fications made to the ABC algorithm and the pseudocode
of the proposed approach are included in Section IV. The
experimental design and the obtained results are shown and
discussed in Section V. Finally, some conclusions and the
future work are presented in Section VI

II. ARTIFICIAL BEE COLONY ALGORITHM

Among the algorithms based on the foraging behavior of
honey bees, the ABC was designed to deal with numerical
optimization problems [10]. ABC is based in two natural
processes: The recruitment of bees into a food source and
the abandonment of a source.



An important difference between ABC and other swarm
intelligence algorithms is that in the ABC, the solutions of the
problem are represented by the food sources, not by the bees.
In contrast, bees act as variation operators able to discover
(generate) new food sources based on the existing ones.
Three types of bees are considered in the ABC: employed,
onlooker and scout bees. The number of employed bees is
equal to the number of food sources and an employed bee
is assigned to one of the sources. Upon reaching the source,
the bee will calculate a new solution (fly to another nearby
food source) from it and retain the best solution (in a greedy
selection). The number of onlooker bees is also the same that
the employed bees and they are allocated to a food source
based on their profitability. Like the employed bees, they
calculate a new solution from its food source. When a source
does not improve after a certain number of iterations, it is
abandoned and replaced by those found by a scout bee, which
involves calculating a new solution at random. A graphical
representation of the model can be found in Figure 1

Three user-defined parameters are required by ABC: the
number of solutions (food sources) SN , the total number of
cycles (iterations) of the algorithm MCN and the number
of cycles that a non improved solution will be kept before
being replaced by a new solution generated by the scout bee
mechanism limit. ABC uses real-encoding for the solutions
of the optimization problem. The selection mechanism used
in ABC occurs when the employed bees share the infor-
mation of their food sources in the hive by waggle dances,
emulated as a fitness proportional selection, very similar to a
roulette wheel technique used in EAs [19]. The replacement
process in ABC takes place in two moments: (1) in the
greedy selection between the current food source and the new
one generated either by an employed or an onlooker bee and
(2) when an employed bee abandons a food source which
could not be improved within limit cycles and a scout bee
generates a new one by using a random process. The variation
operator used by both, employed and onlooker bees, aims to
generate a new candidate solution vg

i,j at cicle g by using the
formula given in Equation 4:

vg
i,j = xg

i,j + φj ·
(
xg

i,j − xg
k,j

)
(4)

where xg
i represents the solution in which the bee is located

at that moment, xg
k is a randomly chosen food source (and

different from xg
i ), i ∈ {1, 2, . . . , SN}, j ∈ {1, 2, . . . , n}

and φj is a random real number within [-1, 1] generated at
random for every j ∈ {1, 2, . . . , n}.

The detailed pseudocode of the ABC algorithm is pre-
sented in Figure 2. The process begins with the initial set
of solutions generated at random and their evaluations (steps
1 − 4 in Figure 2). After that, a cycle that repeats MCN
times starts. Within this cycle there are two inner loops. The
first one considers the generation of new solutions by the
employed bees by using their assigned food sources (steps
6−14 in Figure 2). After that, the second nested loop includes
the selection of those better food sources by the onlooker
bees and the generation of new solutions (steps 15 − 22 in
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Fig. 1. Graphical representation of the elements in the ABC algorithm.

Figure 2). Finally, the scout bees replace those abandoned
solutions by generating new ones (step 23 in Figure 2).

III. PREVIOUS RELATED WORK

Despite the fact that most of the bee-inspired algorithms
have been designed to deal with combinatorial problems [8],
there are approaches, besides ABC, focused in numerical
search spaces.

Regarding the mating behavior, Bozorg Haddad et al.
[20] proposed the Honey Bee Mating Optimization (HBMO)
algorithm. A set of queen bees i.e., the best solutions in
the population, are recombined with randomly generated
solutions i.e., drones, by using a fitness-based probabilistic
function which also considers the velocity and energy of the
queen bee during its mating flight. Furthermore, worker bees
try to improve the newly generated broods. These workers
are different heuristic approaches and the use of each worker
depends on the success of its improved broods.

The foraging behavior has inspired different algorithms.
Pham et al. [21] proposed the Bees Algorithm (BA), where
the bees are located in random solutions. Based on the fitness
of each solution, the search is focused on the “elite sites”
i.e., the best set of solutions in the population. Therefore,
more bees (intensive search processes) are directed to those
best sites. The remaining solutions are visited with a lower
frequency. Finally, a set of remaining bees (scouts) perform
random search to promote diversity in the population. In [22],
an improved version called Improved Bees Algorithm (IBA)
was proposed in order to add a shrinking mechanism to the
size of the sets of solutions (called patches).



1 BEGIN
2 Initialize the set of food sources x0

i , i = 1, . . . , SN
3 Evaluate each x0

i , i = 1, . . . , SN
4 g = 1
5 REPEAT
6 FOR i = 1 TO SN
7 Generate vg

i with xg−1
i by using Eq. (4)

8 Evaluate vg
i

9 IF vg
i is better than xg−1

i

10 xg
i = vg

i

11 ELSE
12 xg

i = xg−1
i

13 END IF
14 END FOR
15 FOR i = 1 TO SN
16 Select, based on fitness proportional selection

food source xg
l

17 Generate vg
l with xg

l by using Eq. (4)
18 Evaluate vg

l
19 IF vg

l is better than xg
l

20 xg
l = vg

l
21 END IF
22 END FOR
23 Generate new food sources at random for those

whose limit to be improved has been reached
24 Keep the best solution so far
25 g = g + 1
26 UNTIL g = MCN
27 END

Fig. 2. Artificial Bee Colony algorithm.

The ABC described in Section II has been tested in
different types of unconstrained optimization problems [22],
[23]. Furthermore, an improved version called Interactive
Artificial Bee Colony (IABC) was proposed in [24]. IABC
modifies the operator utilized by the onlooker bee. Such
modification was inspired in the Newtonian law of universal
gravitation and aims to improve the exploration ability of the
ABC.

Xin-She [25] proposed the Virtual Bee Algorithm (VBA)
which considers a communication process based on waggle
dances based on fitness from bees located in food sources to
other bees located in the neighborhood.

From the above mentioned approaches only the ABC
has been adapted to solve CNOPs in [26]. The approach
kept the same structure ABC has. However, the selection
mechanism was modified and three rules based on feasibility,
proposed by Deb [27] to be used in an EA, were added to
ABC. Furthermore, a recombination mechanism between the
original food source and that generated by the reproduction
operator in the ABC was included. This operator worked as
indicated in Equation 5 where a new parameter 0 ≤ MR ≤ 1
was considered.

vg
i,j =

{
xg

i,j + φ ·
(
xg

i,j − xg
k,j

)
, if rand(0,1)< MR

xg
i,j , otherwise

(5)
Finally, the scout bee was activated at certain periods of

time, regardless of the presence of abandoned food sources
because the aim was to avoid premature convergence. In [20],
there is evidence of the use of HBMO to solve one CNOP but
with only two variables and no detail about the constraint-
handling utilized (the authors just mention that a penalty
function was considered). However, the HBMO required a
high number of evaluations to reach competitive results in
this problem.

IV. SMART FLIGHT ABC

Based on the review of the state-of-the-art on bee-based
algorithms to solve CNOPs, summarized in Section III, it is
clear that their application in continuous numerical search
spaces in presence of constraints is still scarce. Therefore,
this paper proposes three modifications to the original ABC
algorithm in order to solve CNOPs. These modifications are
designed specifically to deal with constrained search spaces.
The approach, called Smart Flight ABC, is described below:

A. Smart Flight Operator

From observations in the original ABC it was noted that,
for CNOPs, it is very difficult for the scout bee to generate,
by using a random approach, a solution that could be an
attractor to a promising region of the search space. Therefore
a modified scout mechanism, based on an original proposal
utilized in PSO [28] is adapted now for ABC and called
smart flight. Instead of generating a random food source, the
scout bee will generate a new food source vg

i by using the
food source subject to be replaced xg

i as a base to generate
a new search direction biased by the best food source so far
xg

B and a randomly chosen food source xg
k, as indicated in

Equation 6.

vg
i,j = xg

i,j + φ · (xg
k,j − xg

i,j) + (1 − φ) · (xg
B,j − xg

i,j) (6)

The aim of the smart flight operator is to increase the
capabilities of the algorithm to sample solutions biased to the
best solution so far. If this best solution xg

B is infeasible, the
new solution has a chance to be located near the boundaries
of the feasible region. On the other hand, if the best solution
is feasible, the smart flight will generate a solution in the
area of that promising region.

B. Dynamic Tolerances for Constraint-Handling

1) ε-constrained method: Instead of using the set of rules
adopted in the ABC version to solve CNOPs in [26], the
proposed ABC utilizes the ε-constrained method, originally
proposed by Takahama and Sakai [29]. The aim of the ε-
constrained method is to transform the original CNOP into
an unconstrained optimization problem and uses the sum of
constraint violation (Φ) of a given solution (see Equation 7).

Φ(xg
k) =

m∑
i=1

max(0, gi(x)) +
p∑

j=1

max(0, |hj(x)| − δ) (7)

A ε tolerance allows the comparison between two solutions
xg

i and xg
j by using only their objective function values f(xg

i )



and f(xg
j ) when the Φ values of both solutions Φ(xg

i ) and
Φ(xg

j ) are within the tolerance value defined by ε or even
when both Φ values are the same, as indicated in Equation
8.

xg
i ≤ε xg

j ⇔
⎧⎨
⎩

f(xg
i ) ≤ f(xg

j ) , if Φ(xg
i ), Φ(xg

j ) < ε

f(xg
i ) ≤ f(xg

j ) , if Φ(xg
i ) = Φ(xg

j )
Φ(xg

i ) ≤ Φ(xg
j ) , otherwise

(8)
In this way, slighly infeasible solutions will be compared
based just in their objective function values, promoting the
preservation of those solutions located in promising areas in
the boundaries of the feasible region. The ε value varies with
respect to Equation 9.

ε(0) = Φ(x0
B)

ε(g) =

{
ε(0) ·

(
1 − g

gc

)cp

, if g < gc

0 , otherwise

(9)

where g is the cycle number, gc is the cycle number where
the ε value will become zero and cp is a parameter to control
the speed of reducing the tolerance value. The initial value
for ε corresponds to the sum of constraint violation of the
best solution in the initial population.

2) Tolerance for equality constraints: In order to make
easier to the ABC the satisfaction of equality constraints, a
dynamic mechanism based on a tolerance value δ, initially
proposed for Evolution Strategies in [30], was considered
in this work. Recalling from Section I and Equation 7,
equality constraints are transformed, by using the δ value
into inequality constraints. However, in this approach, the
value decreases with time until a convenient value i.e., 1E-4
is reached. The formula is detailed in Equation 10

δ(g + 1) =
δ(g)
dec

(10)

The complete pseudocode of the Smart Flight ABC (SF-
ABC) is shown in Figure 3, where it is worth remarking that
SF-ABC uses binary tournament selection based in Equation
8 instead of fitness proportional selection and that the φ value
used in Equation 5 is generated once per solution instead of
being generated once per variable (as in the original ABC).

V. RESULTS AND DISCUSSION

In order to test SF-ABC three experiments were carried
out: The first one consisted on an indirect comparison with
respect to the results reported by the original ABC to solve
CNOPs in [26] in 13 well-known benchmark problems. The
second test covered a direct comparison in another set of
well-known problems (in this case the original ABC was
implemented to solve the aforementioned problems). This
second set of problems has more instances with equality con-
straints, which is an important feature to be analyzed in SF-
ABC. Finally, a third experiment considered the comparison
of the final results of SF-ABC with respect to some state-of-
the-art EAs to solve CNOPs. Due to space restrictions, the
details of each test problem are not included in this paper.

1 BEGIN
2 Initialize the set of food sources x0

i , i = 1, . . . , SN
3 Evaluate each x0

i , i = 1, . . . , SN
4 g = 1
5 IF There are equality constraints
6 Initialize δ
7 END IF
8 REPEAT
9 Calculate ε by using Eq. (9)
10 IF There are equality constraints
11 Evaluate each x0

i , i = 1, . . . , SN with the δ value
12 END IF
13 FOR i = 1 TO SN

14 Generate vg
i with xg−1

i by using Eq. (5)
15 Evaluate vg

i

16 IF vg
i is better than xg−1

i (based on Eq. 8)
17 xg

i = vg
i

18 ELSE
19 xg

i = xg−1
i

20 END FOR
21 FOR i = 1 TO SN
22 Select, based on binary tournament selection

food source xg
l by using criteria in Eq. (8)

23 Generate vg
l with xg

l by using Eq. (5)
24 Evaluate vg

l
25 IF vg

l is better than xg
l (based on Eq. 8)

26 xg
l = vg

l
27 END IF
28 END FOR
29 Apply the smart flight by the scout bees (Eq. 6) for those

solutions whose limit to be improved has been reached
30 Keep the best solution so far
31 IF There are equality constraints
32 Decrease δ by using Eq. (10)
33 END IF
34 g = g + 1
35 UNTIL g = MCN
36 END

Fig. 3. Smart Flight Artificial Bee Colony algorithm (SF-ABC)

However, a summary of the features of each test problem
is presented in Table I and the complete definitions can be
found in [31].

In the first and third experiments 30 independent runs were
computed with SF-ABC. In the second experiment 30 inde-
pendent runs were computed for both, ABC and SF-ABC.
The parameter values used in SF-ABC were the follow-
ing: SN=20, MCN=5800, limit=MCN/2*SN=145, MR=0.8,
cp=46, gc=1160 (20% of MCN), δ=1.0 and dec=1.002.
The MCN value was decreased to 3800 in problems with
equality constraints because the dynamic tolerance δ for
those constraints required a re-evaluation of the solutions
with the updated tolerance (rows 10 − 12 in Figure 3).
Therefore, in order to reach the value of 1E-4, the dec value
was modified to 1.00299 in those problems as well.

The parameters for the original ABC were the same used
in SF-ABC: SN=20, MCN=5800, limit=MCN/2*SN=145,
MR=0.8. Both algorithms in experiments 1 and 2 performed
the same number of evaluations (240,000 at most). A fixed
number cannot be given, because the scout bee activates
depending of the behavior of the search and modifies this
number.

The comparison of results for the first experiment is



TABLE I

MAIN FEATURES OF TEST PROBLEMS. n INDICATES THE

DIMENSIONALITY OF THE PROBLEM, ρ IS THE ESTIMATED SIZE OF THE

FEASIBLE REGION WITH RESPECT TO THE WHOLE SEARCH SPACE, LI

AND NI ARE THE NUMBER OF LINEAR AND NONLINEAR INEQUALITY

CONSTRAINTS RESPECTIVELY AND LE AND NE ARE THE NUMBER OF

LINEAR AND NONLINEAR EQUALITY CONSTRAINTS. FINALLY A

INDICATES THE NUMBER OF ACTIVE CONSTRAINTS.

P n Function ρ LI NI LE NE A
g01 13 quadratic 0.0111% 9 0 0 0 6
g02 20 nonlinear 99.9971% 0 2 0 0 1
g03 10 polynomial 0.0000% 0 0 0 1 1
g04 5 quadratic 52.1230% 0 6 0 0 2
g05 4 cubic 0.0000% 2 0 0 3 3
g06 2 cubic 0.0066% 0 2 0 0 2
g07 10 quadratic 0.0003% 3 5 0 0 6
g08 2 nonlinear 0.8560% 0 2 0 0 0
g09 7 polynomial 0.5121% 0 4 0 0 2
g10 8 linear 0.0010% 3 3 0 0 6
g11 2 quadratic 0.0000% 0 0 0 1 1
g12 3 quadratic 4.7713% 0 1 0 0 0
g13 5 nonlinear 0.0000% 0 0 0 3 3
g14 10 nonlinear 0.0000% 0 0 3 0 3
g15 3 quadratic 0.0000% 0 0 1 1 2
g16 5 nonlinear 0.0204% 4 34 0 0 4
g17 6 nonlinear 0.0000% 0 0 0 4 4
g18 9 quadratic 0.0000% 0 12 0 0 6
g19 15 nonlinear 33.4761% 0 5 0 0 0
g20 24 linear 0.0000% 0 6 2 12 16
g21 7 linear 0.0000% 0 1 0 5 6
g22 22 linear 0.0000% 0 1 8 11 19
g23 9 linear 0.0000% 0 2 3 1 6
g24 2 linear 79.6556% 0 2 0 0 2

presented in Table II. Based on the statistical results shown,
SF-ABC clearly improved the results obtained by the orig-
inal ABC in problems g05 and g13 (both with equality
constraints) and maintained similar competitive results in
problems g03 and g11 (both also with equality constraints).
SF-ABC also improved the results in problems g06 and
g10, both with a very small feasible region with respect to
the whole search space. SF-ABC provided similar results
with respect to ABC in problems g04, g08 and g12 (these
problems are considered easy to solve by most methods of
the state-of-the-art) [31]. In problems g07 and g09, the best
results found so far was improved by SF-ABC compared
with those obtained by ABC. Finally, SF-ABC was affected
by premature convergence in problems g01 and g02.

The overall behavior observed in experiment 1 suggests
that SF-ABC maintains the competitive performance of ABC,
but the new version outperforms the original one in prob-
lems with equality constraints and with some type of small
feasible regions. However, SF-ABC was affected by a high
dimensionality (problem g01 with 13 variables and problem
g02 with 20 variables).

The statistical results for the second experiment (which
differences were validated by using the Mann-Whitney non-
parametric test) are presented in Table III. It is more evident
in this second comparison the better performance of SF-
ABC, which results outperformed those of the ABC in six
problems (g14, g15, g17, g19, g21 and g23) and found better
best and mean results in problem g18. ABC was competitive
in only two test problems (g16 and g24). Problems g20 and

TABLE II

STATISTICAL RESULTS OF THE INDIRECT COMPARISON BETWEEN ABC

AND SF-ABC COVERED IN THE FIRST EXPERIMENT. A RESULT IN

BOLDFACE INDICATES A BETTER RESULT.

Function/ Algorithms
Optimal ABC SF-ABC

Best -15 -15
g01 Mean -15 -14.13
-15 Worst -15 -12.45

Std. Dev. 0.00E+00 9.16E-01
Best -0.803598 -0.709034

g02 Mean -0.792412 -0.471210
-0.803619 Worst -0.749797 -0.319046

Std. Dev. 1.20E-02 1.05E-01
Best -1.000 -1.000

g03 Mean -1.000 -1.000
-1 Worst -1.000 -1.000

Std. Dev. 0.00E+00 2.73E-05
Best -30665.539 -30665.539

g04 Mean -30665.539 -30665.539
-30665.539 Worst -30665.539 -30665.539

Std. Dev. 0.00E+00 0.00E+00
Best 5126.484 5126.49671

g05 Mean 5185.714 5126.52676
5126.498 Worst 5438.387 5126.85967

Std. Dev. 7.54E+01 7.98E-02
Best -6961.814 -6961.814

g06 Mean -6961.813 -6961.814
-6961.814 Worst -6961.805 -6961.814

Std. Dev. 2.00E-03 0.00E+00
Best 24.33 24.3164283

g07 Mean 24.473 24.6575846
24.306 Worst 25.19 25.5442589

Std. Dev. 1.86E-01 3.29E-01
Best -0.095825 -0.095825

g08 Mean -0.095825 -0.095825
-0.095825 Worst -0.095825 -0.095825

Std. Dev. 0.00E+00 0.00E+00
Best 680.634 680.630107

g09 Mean 680.640 680.643618
680.63 Worst 680.653 680.857264

Std. Dev. 4.00E-03 4.09E-02
Best 7053.90400 7049.54755

g10 Mean 7224.40700 7116.93411
7049.248 Worst 7604.13200 7362.63960

Std. Dev. 1.34E+02 8.21E+01
Best 0.75 0.75

g11 Mean 0.75 0.75
0.75 Worst 0.75 0.75

Std. Dev. 0.00E+00 0.00E+00
Best -1 -1

g12 Mean -1 -1
-1 Worst -1 -1

Std. Dev. 0.00E+00 0.00E+00
Best 0.760000 0.053942

g13 Mean 0.968000 0.263967
0.05395 Worst 1.000000 1.000000

Std. Dev. 5.50E-02 2.36E-01



TABLE III

STATISTICAL RESULTS OF THE DIRECT COMPARISON BETWEEN ABC

AND SF-ABC COVERED IN THE SECOND EXPERIMENT. A RESULT IN

BOLDFACE INDICATES A BETTER RESULT. “-” MEANS THAT NO FEASIBLE

SOLUTIONS WERE FOUND.

Function/ Algorithms
Optimal ABC SF-ABC

Best - -46.667240
g14 Mean - -46.468389

-47.764411 Worst - -43.871811
Std. Dev. - 5.20E-01

Best 961.7150530 961.7150223
g15 Mean 962.4743929 961.7159869

961.715172 Worst 964.5401884 961.7203755
Std. Dev. 1.22E+00 1.59E-03

Best -1.905155 -1.905155
g16 Mean -1.905155 -1.905155

-1.905155 Worst -1.905155 -1.905155
Std. Dev. 1.10E-15 1.49E-14

Best 8946.969010 8927.597647
g17 Mean 8952.787484 8928.864635

8876.98068 Worst 8958.605958 8938.617114
Std. Dev. 8.23E+00 3.12E+00

Best -0.865671 -0.866025
g18 Mean -0.734206 -0.740724

-0.865735 Worst -0.668302 -0.500000
Std. Dev. 8.31E-02 1.40E-01

Best 34.484378 32.662603
g19 Mean 36.087771 33.107187

32.655593 Worst 37.248933 34.914034
Std. Dev. 8.12E-01 5.11E-01

Best - -
g20 Mean - -

0.188446 Worst - -
Std. Dev. - -

Best - 193.724872
g21 Mean - 270.758409

193.7783493 Worst - 328.751504
Std. Dev. - 5.30E+01

Best - -
g22 Mean - -

382.902205 Worst - -
Std. Dev. - -

Best - -350.125153
g23 Mean - -121.373529

-400.0025 Worst - 276.002998
Std. Dev. - 1.58E+02

Best -5.508013 -5.508013
g24 Mean -5.508013 -5.508013

-5.508013 Worst -5.508013 -5.508013
Std. Dev. 0.00E+00 0.00E+00

g22 could not be solved by any algorithm compared. Fur-
thermore ABC could not find feasible solutions in problems
g14, g21 and g23.

SF-ABC could avoid local optimum solutions in problems
with equality constraints (g14, g15, g17, g21 and g23) with
very small feasible regions. This behavior suggests that
the combination of the smart flight operator coupled with
the dynamic tolerances for the sum of constraint violation
and the equality constraints improves the approach to the
feasible region of the search space by reaching it from more
promising directions.

Finally, the comparison against some state-of-the-art algo-
rithms to solve CNOPs is presented in Table IV. Problems
g14 to g24 were not considered in this comparison because

no results were found for the approaches reported in the
paper. The algorithms used in this comparison were the
self-adaptive parameter-free penalty function (SAPF-GA) by
Tessema & Yen [32], the multi-objective concepts added to
an evolutionary algorithm (HCOEA) by Wang et al. [33]
and the trade-off models based on feasibility (ATMES) by
Wang et al. [34]. SF-ABC provided very competitive results
in nine test problems (g03, g04, g05, g06, g07, g08, g09,
g11 and g12). As expected from the results in the first
experiment, SF-ABC was not competitive in problems g01
and g02. In problem g10 HCOEA was clearly superior in
all statistical results and in problem g13 both HCOEA and
ATMES were better than SF-ABC. Finally, the number of
evaluations required by SF-ABC is the same computed by
HCOEA and ATMES (240,000) and it is lower than that
reported by SAPF-GA (500,000).

VI. CONCLUSIONS AND FUTURE WORK

A novel version of the ABC algorithm to solve CNOPs,
called Smart Flight ABC has been presented in this paper. A
new operator for the scout bee, called smart flight was de-
signed with the aim to generate search directions towards the
neighborhood of the best solution in the current population,
instead of just generating new solutions at random. Moreover,
the constraint-handling mechanism considered the combina-
tion of two dynamic tolerance values related with the sum
of constraint violation, based on the ε-constrained method,
and with the presence of equality constraints. The expected
effect of these modifications is a more convenient approach
to the feasible region in order to find better solutions within
it, mostly in problems with a very small feasible region. The
results obtained in a set of well-known problems showed
that SF-ABC was able to provide better results with respect
to ABC in the aforementioned type of problems. However,
premature convergence was observed in problems with high
dimensionality and larger feasible regions in presence of only
inequality constraints. Finally, the overall performance of SF-
ABC was similar to those provided by state-of-the-art EAs
to solve CNOPs with an also similar or lower number of
evaluations computed. A sensitivity analysis of SF-ABC to
its parameters and a mechanism to improve the performance
in presence of higher dimensionalities are part of the future
work in this research. Furthermore, some experiments will
be carried out to analyze in which type of problems the smart
flight is more efficient. Finally, some other performance
measures e.g., feasiblility rate and convergence plots, will
be utilized to improve the analysis of the behavior observed
in the algorithm.
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TABLE IV

COMPARISON OF RESULTS OF SF-ABC WITH RESPECT TO STATE OF THE ART ALGORITHMS (SAPF-GA [32], HCOEA [33] AND ATMES [34]) ON 13

BENCHMARK FUNCTIONS (G01-G13). A RESULT IN BOLDFACE INDICATES A BETTER RESULT OR THAT THE GLOBAL OPTIMUM (OR BEST KNOWN

SOLUTIONS) WAS REACHED.

Function/ Algorithms
Optimal SAPF-GA [32] HCOEA [33] ATMES [34] SF-ABC

Best -15 -15 -15 -15
g01 Mean -14.552 -15 -15 -14.13
-15 Worst -13.097 -14.999998 -15 -12.45

Std. Dev. 7.00E-01 4.30E-07 1.60E-14 9.16E-01
Best -0.803202 -0.803241 -0.803388 -0.709034

g02 Mean -0.755798 -0.801258 -0.790148 -0.471210
-0.803619 Worst -0.745712 -0.792363 -0.756986 -0.319046

Std. Dev. 1.33E-01 3.83E-03 1.30E-02 1.05E-01
Best -1 -1 -1 -1

g03 Mean -0.964 -1 -1 -1
-1 Worst -0.887 -1 -1 -1

Std. Dev. 3.01E-01 1.30E-12 5.90E-05 2.73E-05
Best -30665.401 -30665.539 -30665.539 -30665.539

g04 Mean -306659.221 -30665.539 -30665.539 -30665.539
-30665.539 Worst -30656.471 -30665.539 -30665.539 -30665.539

Std. Dev. 2.04E+00 5.40E-07 7.40E-12 0.00E00
Best 5126.907 5126.4981 5126.498 5126.49671

g05 Mean 5214.232 5126.4981 5127.648 5126.52676
5126.498 Worst 5564.642 5126.4981 5135.256 5126.85967

Std. Dev. 2.47E+02 1.73E-07 1.80E+00 7.98E-02
Best -6961.046 -6961.81388 -6961.814 -6961.814

g06 Mean -6953.061 -6961.81388 -6961.814 -6961.814
-6961.814 Worst -6943.304 -6961.81388 -6961.814 -6961.814

Std. Dev. 5.88E+00 8.51E-12 4.60E-12 0.00E+00
Best 24.838 24.3064582 24.306 24.3164283

g07 Mean 27.328 24.3073989 24.316 24.6575846
24.306 Worst 33.095 24.3092401 24.359 25.5442589

Std. Dev. 2.17E+00 7.12E-04 1.10E-02 3.29E-01
Best -0.095825 -0.095825 -0.095825 -0.095825

g08 Mean -0.095635 -0.095825 -0.095825 -0.095825
-0.095825 Worst -0.092697 -0.095825 -0.095825 -0.095825

Std. Dev. 1.06E-03 2.42E-17 2.80E-17 0.00E00
Best 680.773 680.630057 680.63 680.630107

g09 Mean 681.246 680.630057 680.639 680.643618
680.63 Worst 682.081 680.630058 680.673 680.857264

Std. Dev. 3.22E-01 9.41E-08 1.00E-02 4.09E-02
Best 7069.981 7049.2866 7052.253 7049.54755

g10 Mean 7238.964 7049.52544 7250.437 7116.93411
7049.248 Worst 7489.406 7049.98421 7560.224 7362.63960

Std. Dev. 1.38E+02 1.50E-01 1.20E+02 8.21E+01
Best 0.749 0.75 0.75 0.75

g11 Mean 0.751 0.75 0.75 0.75
0.75 Worst 0.757 0.75 0.75 0.75

Std. Dev. 2.00E-03 1.55E-12 3.40E-04 0.00E00
Best -1 -1 -1 -1

g12 Mean -0.99994 -1 -1 -1
-1 Worst -0.999548 -1 -0.994 -1

Std. Dev. 1.41E-04 0.00E+00 1.00E-03 0.00E+00
Best 0.053941 0.0539498 0.05395 0.053942

g13 Mean 0.28627 0.0539498 0.053959 0.263967
0.05395 Worst 0.885276 0.0539499 0.053999 1

Std. Dev. 2.75E-01 8.68E-08 1.30E-05 2.36E-01
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