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Abstract This chapter presents a study about the behavior of Pa8iglem Op-
timization (PSO) in constrained search spaces. A compan$dour well-known
PSO variants used to solve a set of test problems is pres&#eed on the informa-
tion obtained, the most competitive PSO variant is detedteam this preliminary
analysis, the performance of this variant is improved witlo simple modifica-
tions related with the dynamic control of some parametetsamariation in the
constraint-handling technique. These changes keep ttgisityof PSO i.e. no ex-
tra parameters, mechanisms controlled by the user or catiinof PSO variants
are added. This Improved PSO (IPSO) is extensively compeganhst the original
PSO variants, based on the quality and consistency of theréisalts and also on
two performance measures and convergence graphs to algizen-line beha-
vior. Finally, IPSO is compared against some state-ofati®SO-based approaches
for constrained optimization. Statistical tests are usdtié experiments in order to
add support to the findings and conclusions established.

1 Introduction

Nowadays, it is common to find complex problems to be solvediverse areas
of human life. Optimization problems can be considered aynibiem. Different

sources of difficulty can be associated in their resolutign& very high number of
possible solutions (very large search spaces), hardtigfsaonstraints and a high
nonlinearity. Mathematical Programming (MP) offers a detechniques to solve
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different type of problems like numerical, discrete or camaiborial optimization
problems. This chapter focuses only on numerical (contishoptimization pro-
blems. MP techniques are always the first option to solverapétion problems. In
fact, they provide, under some specific conditions to be mplished by the pro-
blem, convergence to the global optimum solution. Howelggrsome real-world
problems, MP techniques are either difficult to apply (i.garablem transforma-
tion may be required), they cannot be applied or they gepgdpn local optimum
solutions. Based on the aforementioned, the use of heagriti solve optimiza-
tion problems has become very popular in different areasu Bearch [11], Simu-
lated Annealing [16] and Scatter Search [12] are examplassiatessful heuristics
commonly used by interested practitioners and researtheve difficult search
problems. There is also a set of nature-inspired heuridéstgned for optimiza-
tion problem-solving and they comprise the area of Bio-ireghoptimization. Two
main groups of algorithms can be distinguished: (1) Evohary algorithms (EAS)
[7] and (2) Swarm Intelligence algorithms (SIAs) [9]. EA®drased on the theory
of evolution and the survival of the fittest. A set of complsdéutions of a problem
are represented and evolved by means of variation operatorselection and re-
placement processes. There are three main paradigms eréais(1) Evolutionary
Programming [10], Evolution Strategies [37] and Genetiggkithms [14]. There
are other important EAs proposed such as Genetic Progragnitiih where solu-
tions are represented by means of nonlinear structuresréks and its aim is ori-
ented to symbolic optimization and Differential Evolutif84], designed to solve
numerical optimization problems by using vector differesn@s search directions
coupled with an EA framework.

On the other hand, SIAs emulate different social and codperaehaviors found
in animals or insects. The two original paradigms are thifohg: (1) Particle
Swarm Optimization (PSO) [15] and (2) Ant Colony Optimizati ACO) [6]. PSO
is based on the cooperative behavior of bird flocks, where&a® Models social
behaviors of ants e.g. the foraging behavior as to solve lsnagmbinatorial opti-
mization problems.

These Bio-Inspired Algorithms (BIAs), such as genetic athms, evolutionary
programming, evolution strategies, differential evalatand particle swarm opti-
mization, share some features. They work with a set of commglelutions for the
problem (usually generated at random). These solutiong\akiated in order to
obtain a quality measure, i.e. fitness value, for each onbesht A selection me-
chanism is then implemented as to select those solutiohsaddetter fitness value.
These best solutions will be utilized to generate new smhstiby using variation
operators. Finally, a replacement process occurs, whersitle of the population
(which was increased) is trimmed as to always maintain a fpagmilation size.

In their original versions, BIAs are designed to solve urstrained optimization
problems. Then, there is a considerable amount of reseadibated to designing
constraint-handling techniques to be added to BIAs. Thexesame classifications
for constraint-handling techniques based on the way thayrporate feasibility in-
formation in the quality of a given solution [4, 30]. For therpose of this chapter,
a simple taxonomy is proposed, because the main goal of thentistudy is not
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to design a novel constraint-handling mechanism. Instb&dim is to propose the
analysis of the behavior of a BIA (PSO in this case) as a fiegt ist designing a com-

petitive approach to solve Constrained Numerical OptitiazreProblems (CNOPS).

As aresult, the simplicity of PSO is maintained i.e. no addel mechanisms and/or
parameters controlled by the user are considered.

This chapter is organized as follows: Section 2 containsstatement of the
problem of interest and some useful optimization concepégtion 3 introduces
PSO in more detail, considering its main elements and viiagnbrief introduc-
tion to constraint-handling techniques is summarized itiBe 4. In Section 5, the
approaches which use PSO to solve CNOPs are detailed antdskst Section 6
presents the empirical comparison of PSO variants and astiEm of results. After
that, Section 7 details the modifications made to the mospetitive PSO variant
obtained from the previous study, all of them in order to ioyerits performance
when solving CNOPs. An in-depth study of the behavior of tlosel PSO and a
comparison against state-of-the-art PSO-based appreatxkelve CNOPs are pre-
sented in Section 8. The chapter ends with a conclusion amtassion of future
work in Section 9.

2 Constrained Optimization Problems

The optimization process consists of finding the best smiufior a given problem
under certain conditions. As it was mentioned before, thispter will only con-
sider numerical optimization problems in presence of gaigts. Without loss of
generality a CNOP can be defined as to:

Find x which minimizes

f(x) 1)
subject to
g(x)<0,i=1,....m (2
hj(x)=0, j=1,...,p 3)

wherex € R" is the vector of solution = [x1,%p,...,X)|T and eachx, i =
1,...,nis bounded by lower and upper limits < x; < U; which define the search
space?’, #comprises the set of all solutions which satisfy the coirsisaf the
problems and it is called the feasible regiomjs the number of inequality cons-
traints andp is the number of equality constraints (in both cases, caimig could
be linear or nonlinear). Equality constraints are tranmsfu into inequalities cons-
traints as follows]h;(x)| — & < 0, wheree is the tolerance allowed (a very small
value).
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As multiobjective concepts will be used later in the chaptes multiobjective
optimization problem will be also introduced. Without lasfsgenerality, a Multi-
objective Optimization Problem (MOP) is defined as:

Find x which minimizes

f(x) = [f1(x), f2(X), .., f(X)]T (4)

subject to
gx) <0,i=1,..,m (5)
hjx) =0,j=1,....p (6)

wherex € R" is the vector of solutiong = [x1,Xp,...,X)|T and eachx;, i =
1,...,nis bounded by lower and upper limits < x; < U; which define the search
space’, Zis the feasible regiom s the number of inequality constraints apd
is the number of equality constraints (in both cases, caimt could be linear or
nonlinear).

A vectoru= (uy, ..., Uy) is said to dominate another vector (v, ..., V) (denoted
by u <v) if and only if u is partially less thaw, i.e.Vi € {1,....k}, uy < v Adi €
{1,..k} 1y < wi.

3 Particle Swarm Optimization

Kennedy and Eberhart [15] proposed PSO, which is based mothial behavior of
bird flocks. Each individual “i”, called particle, repre$sa solution to the optimiza-
tion problem i.e. a vector of decision variablgsThe particle with the best fithess
value is considered the leader of the swarm (population digbes), and guides the
other members to promising areas of the search space. Editheia influenced on
its search direction by cognitive (i.e. its own best posifiound so far, called ppe;)
and social (i.e. the position of the leader of the swarm nawggg)) information. At
each iteration (generation) of the process, the leadersarm is updated. These
two elementsxnet; andXgges, besides the current position of particle %, are
used to calculate its new velocity(t + 1) based on its current velocity(t) (search
direction) as follows:

Vi(t 4 1) = Vi (t) + Car1(Xpbest; — Xi) + Col 2(XgBest — Xi)- (7)

wherec; andc, are acceleration constants to control the influence of tigaieo
tive and social information respectively andr, are random real numbers between
0 and 1 generated with an uniform distribution.

After each particle updates its corresponding velocity,ftight formula is used
to update its position:
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Xi(t+1)=x (t)+vi(t+1). (8)

wherex;(t) is the current position of the particle,(t + 1)is the new position of
this particle andyi(t + 1) is its recently updated velocity (search direction).

Based on Equation 7, two main different approaches have freg@osed to up-
date the velocity of a particle. The aim is to improve the ubkefss of the search di-
rection generated and to avoid premature convergenceSQ@)with inertia weight
and (2) PSO with constriction factor.

3.1 PSO with Inertia Weight

Proposed by Shi and Eberhart [38], the inertia weight wasddd the velocity
update formula (Equation 7) as a mechanism to control PS@®mtion and ex-
ploitation capabilities. Its goal is to control the influenaf the previous velocity of
a given particle. The inertia weight is representedibgnd scales the value of the
current velocity; (t) of particle “i". A small inertia weight value promotes loat-
ploration, whereas a high value promotes global explonathi and Eberhart [38]
suggestedv=0.8 when using PSO to solve unconstrained optimizatioilpros.
The modified formula to update the velocity of a particle bingghe inertia weight
value is the following:

Vi(t+1) =wvi(t)+ Clrl(presti —X)+ Czl’z(XgBeg —Xj) 9)

3.2 PSO with Constriction Factor

With the aim of eliminating velocity clamping and encouragconvergence, Clerc
and Kennedy [3] proposed, instead of a inertia weight vadueonstriction coe-
fficient. This constriction factor is represented boyUnlike the inertia weight, the
constriction factor affects all values involved in the \@tp update as follows:

Vi (t + 1) = k[Vi (t) + Clrl(presti — Xi) + Czrz(XgBest —Xj )] (10)

3.3 Social Network Structures

There are two basic PSO variants depending of the socialonktstructure used
[9]: (1) global best and (2) local best PSO. In the global astant the star so-
cial structure allows each particle to communicate withttadl remaining particles
in the swarm, whereas in the local best PSO, the ring sociaitsre allows each
particle to communicate only with those particles in itsgiiorhood. Therefore,
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in the global best PSO, there is a unique leader of the swamth®other hand,
in local best PSO, there is a leader for each neighborhooereTare differences
expected in the behavior of these two PSO variants due toalggerticles commu-
nicate among themselves. In global best PSO a faster camnegds promoted as
the probability of being trapped in local optima is incredhddowever, in local best
PSO, a slower convergence usually occurs while a betteoeagin of the search
space is encouraged.
A pseudocode for the global best PSO is presented in Figure 1.

Begin
GEN=0
Generate a swarm of random solutiorg,(i = 1,2, ..., SWNARM_SI ZE.
Initialize for each particle, Xppes; = Xi , andv;(t) = 0.
Evaluate the fitness of each particle in the swarm.
Do
Select the leadeX{ge) of the swarm.
For each particle, update its velocity with (7).
For each particle, update its position with (8).
Evaluate the fitness of the new positifan each particle.
Update thexpney; (Memory) valudor each particle.
GEN=GEN+1
Until GEN = Gmax
End

Fig. 1 Global best PSO pseudocode.

A pseudocode for the local best PSO is presented in Figure 2.

4 Constraint-Handling

As it was mentioned in the introduction to the chapter, EAd 8hAs were origi-
nally designed to solve unconstrained optimization pneisleConstraint-handling
techniques are required to add feasibility informationhia fithess calculation of
a solution [4, 30]. Roughly, constraint-handling techrgwcan be divided in two
groups:

1. Those based on the fitness penalization of a solutioné@rdination of the ob-
jective function value (Equation 1) and the sum of constnamiation (Equations
2and 3).

2. Those based on the separated use of the objective fun@tioa (Equation 1)
and the sum of constraint violation (Equations 2 and 3) infitihess value of a
solution.

In the first group penalty functions are considered, whicimigact the most
popular constraint-handling mechanism. They transfororastrained problem into
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Begin
GEN=0
Generate a swarm of random solutiorg (= 1,2,..., SVARM_S ZE.
Divide the swarm im neighborhoods.
Assign equal number of particles to each neighborhood.
Initialize for each particle, Xppes; = Xi, andv;(t) = 0.
Do
Evaluate the fitness of the particle in each neighborhood.
Select the leadeX(ge;) Of each neighborhood.
For each particle, update its velocity with (7).
by using the corresponding leader of each neighborhggg,
For each particle, update its position with (8).
Evaluate the fitness of the new positifon each particle.
Update thexney; (Memory) valugior each particle.
GEN=GEN+1
Until GEN= Gmax
End

Fig. 2 Local best PSO pseudocode.

an unconstrained problem by punishing, i.e. decreasirgfithess value of in-
feasible solutions in such a way that feasible solutionspaegerred in the selec-
tion/replacement processes. However, an important drelwvisathe definition of
penalty factor values, which determine the severity of #reghization. If the penalty
is too low, the feasible region may never be reached. On tier band, if the penalty
is too high, the feasible region will be reached so fast, ip@trandom and the
probability of getting trapped in local optimum might be yéigh [4].

The second group includes constraint-handling technifased on Deb'’s feasi-
bility rules [5], Stochastic Ranking [35], multiobjecticencepts [28], lexicographic
ordering [36], thea-constrained method [40], Superiority of Feasible poil33] [
among others.

Different search engines have been used on the above medtapproaches:
Genetic Algorithms [5, 28], Evolution Strategies [35], feifential Evolution [40].
However, to the best of the authors’ knowledge, the reseascially focuses on
adapting a constraint-handling mechanism to a given seargime, but the studies
to analyze the performance of a search engine in constr@eacth spaces are
scarce [29].

5 Related Work

This section presents PSO-based approaches proposed/¢oG¥OPs. Toscano
and Coello [42] proposed a global best PSO with inertia wetglupled with a
turbulence (mutation) operator, which affects the veloeitctor of a particle as
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follows: v; = v}”(t) +r3, wherey; is the current velocity of particlg v?’ (t) is the
current velocity of its nearest neighbor anglis a random value. The use of this
turbulence operator is calculated with a dynamic adaptatjgproach. The idea is
to use more of the turbulence operator in the first part of &aech. The constraint-
handling technique used was a group-2 approach [5].

Parsopoulos and Vrahatis [32] used their Unified Particlar@wOptimization
(UPSO) to solve CNOPs. The UPSO combines the explorationeapbbitation
abilities of two basic PSO variants (local best and globat begether, both with
constriction factor). The scheme of UPSO is the followingw&ighted sum of
the two velocity values (from the local and global varianssgomputed, where a
parameter (& u < 1) represents the unification factor and controls the infleef
each variant in the final search direction. Finally a typftight formula with this
unified velocity is used to update the position of a partiélegroup-1 constraint-
handling technique i.e. static penalty function, was usetiis approach where the
number of violated constraints as well as the amount of caimstviolation were
taken into account.

Liang and Suganthan [23] proposed a PSO-based approaclvéo&¥OPs by
using dynamic multi-swarms (DMS-PSQO). The DMS-PSO was é@mgnted using
a local best PSO with inertia weight, where the size andgestof the sub-swarms
change periodically. Two concepts are modified from theioaigPSO in DMS-
PSO: (1) Instead of just keeping the best position found s@fiithe best positions
reached for a particle are recorded to improve the globakckeand (2) a local
search mechanism, i.e. sequential quadratic programmétigad, was added. The
constraints of the problems are dynamically assigned,doasehe difficulty to be
satisfied for each sub-swarm. Moreover, one sub-swarm pfihoze the objective
function. As the function and constraints are handled sdply they use a group-2
constraint-handling. The sequential quadratic programymiethod is applied to the
pbest values (not to the current positions of the parti@desp improve them.

Li, Tian and Kong [21] solved CNOPs by coupling an inertia gieilocal best
PSO with a mutation strategy. Their constraint-handlingima@ism belongs to
group 2 and was based on the superiority of feasible poiis The mutation stra-
tegy used a diversity metric for population diversity coheémd for convergence im-
provement. When the population diversity was low (based dafeed value), the
swarm is expanded through the mutation strategy. This ioutatrategy consisted
of a random perturbation applied to the particles in the swati, Tian and Min
[22] used a similar constraint-handling mechanism, buhet mutation strategy
and using instead a global best PSO variant to solve Bilewgi@mming Problem
(BLPP).

Lu and Chen [25] implemented a group-2 constraint-handéobnique by using
a global best PSO with inertia weight and velocity restoictiThe original problem
(CNOP) is transformed into a bi-objective problem using a@yic-Objective Stra-
tegy (DOM). DOM consists of the following: if a particle isfemsible, its unique
objective is to enter the feasible region. On the other hiditide particle is feasible
its unique objective is now to optimize the original objeetfunction. This process
is dynamically adjusted according to the feasibility of gzeticle. The bi-objective
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problem is defined as: minimizE (x) = (@(x), f(x)). ¢(x) is the sum of constraint
violations andf(x) is the original function objective. Based on the feasipitif
XgBes aNdXphes;, the values of important parameters likgandc, are defined to
promote feasible particles to remain feasible. The forntukapdate the velocity is
modified in such a way that the positions of the pbest and gresiixed in the
search direction defined.

Cagnina, Esquivel and Coello [2] used a group-2 constitzamidling technique,
Deb’s rules [5], in a combination of global-local best PSQOtipke swarm opti-
mizer to solve CNOPSs. The velocity update formula and alsdlight formula are
changed as to include information of the global and locat lez&lers and to use a
Gaussian distribution to get the new position for the pkatiespectively. Further-
more, a dynamic mutation operator is added for diversityrgtion in the swarm.

Wei and Wang [43] presented a global best PSO with inertigitevhich trans-
formed the problem, as in [25], into a bi-objective problegnolup-2 constraint-
handling). The original objective function was the secobective and the first
one was the degree of constraint violation: (@ifx), f(x)). Deb’s feasibility rules
were used as selection criteria. A new three-parent cressaperator (TPCO) is
also added to the PSO. Finally, a dynamic adaptation forrtegia weight value
was included to encourage a correct balance between gloddbeal search.

Krohling and dos Santos Coelho [18] proposed a global beStWwigh constric-
tion factor and a co-evolutionary approach to solve CNOPss problem is trans-
formed into a min-max problem. The Lagrange-based methanifgl constraint-
handling) is used to formulate the problem in terms of a maxmroblem. Two
swarms are used: The first one moves in the space defined bwatiables of the
problem, whereas the second swarm optimizes the Lagrantjipieus.

He, Prempain and Wu [13] proposed a ‘fly-back’ mechanism ddde global
best PSO with inertia weight to solve CNOPs. In their apphnoéte authors also
solved mixed (i.e. continuous-discrete) optimizationkpeons. Discrete variables
were handled by a truncation mechanism. The initial swarrstine always located
in the feasible region of the search space, which may be ddiséage when dealing
with problems with a very small feasible region. The ‘fly-kamechanism keeps
particles from flying out of the feasible region by discaglihose flights which
generate infeasible solutions. Then, the velocity valuedsiced and a new flight is
computed.

Based on the related work, some interesting modifications ¥zeind regarding
PSO for solving CNOPs: (1) Mutation, crossover operatoeven local search are
added to PSO to promote diversity in the swarm [2, 21, 23, 8},(2) there is a
tendency to mix global and local best PSO variants into alsinge [2, 32], (3)
the original CNOP is transformed into a multiobjective desb [23, 25, 43], and
finally, (4) the original velocity update and flight formulase modified [2, 25].
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6 Motivation and Empirical Comparison

Unlike the previous research, the motivation of this wortwis-fold: (1) to acquire
more knowledge about the behavior of PSO in its originalargg when solving
CNOPs and (2) after considering this knowledge as a firstaftdpsign, to propose
simple modifications to PSO in order to get a competitive appin to solve CNOPs
by maintaining PSO’s simplicity.

In this section, two original PSO variants (inertia weightiaonstriction factor)
combined with two social network structures (star and riagd compared. In the
remaining of this chapter, each combination of variantaedoetwork will be called
as variant. They are selected based on the following citeri

e They are the most used in the approaches reported in theafipediliterature on
numerical constrained optimization (Section 5).

e As mentioned in the beginning of this Section, the motivat this work is to
acquire knowledge about the behavior of PSO in its origiaailants i.e. variants
without additional mechanisms.

The four variants are: (1) global best PSO with inertia wei¢®) global best PSO
with constriction factor, (3) local best PSO with inertiaighe and (4) local best
PSO with constriction factor.

In order to promote a fair analysis of the four PSO variant aot add extra
parameters to be fine-tuned, a group-2 (objective functi@hanstraints handled
separately) parameter-free constraint-handling tectanis| chosen for all the vari-
ants. This technique consists of a set of three feasibilitgsrproposed by Deb [5].
They are the following: (1) If two solutions are feasibleg thne with the best value
of the objective function is preferred, (2) if one solutisriéasible and the other one
is infeasible, the feasible one is preferred and (3) if twWoitsons are infeasible, the
one with the lowest normalized sum of constraint violatiepieferred.

24 test problems (all minimization problems) were takemfrive specialized
literature [24] and used to test the performance of the fd&® Rariants. These
problems are an extension of the well-known benchmark uséskt BIAs in cons-
trained search spaces. In fact, these problems were usedltmee state-of-the-art
approaches in the IEEE Congress on Evolutionary Comput§@&C 2006). De-
tails of the problems can be found in [24]. A summary of theatfires can be found
in Table 1.

As can be noted, the problems have different characteyistich as dimensionality,
type of objective function, type and number of constraims active constraints at
the optimum (i.e. the solution lies in the boundaries betwee feasible and infea-
sible regions). Therefore, they present different chalsto the algorithms tested.

This first experiment is designed as follows: 30 independens were com-
puted per PSO variant per test problem. Statistical refdtst, mean and standard
deviation) were calculated from the final results. They aesented, for the first
twelve problems in Table 2 and for the last twelve in Table 3 parameters used
in this experiment are the following: 80 particles and 20@berations (160,000
total evaluations)¢; = 2.7 andc, = 2.5 for all PSO variants. For the two local
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Table 1 Details of the 24 test problemsn™is the number of decision variablep,= |F|/|S is
the estimated ratio between the feasible region and thetsspace, LI is the number of linear
inequality constraints, NI the number of nonlinear ine@yatonstraints, LE is the number of
linear equality constraints and NE is the number of nonlirepality constraintsa is the number
of active constraints at the optimum.

Prob. n  Type of function P LI NI LE NE a
g0l 13 quadratic 0.0111% 9 0 0 0 6
g02 20 nonlinear 99.9971% O 2 0 0 1
g03 10 polynomial 0.0000% 0 0 0 1 1
g04 5 quadratic 52.1230% O 6 0 0 2
g05 4  cubic 0.0000% 2 0 0 3 3
go6 2 cubic 0.0066% 0 2 0 0 2
g07 10 quadratic 0.0003% 3 5 0 0 6
g08 2 nonlinear 0.8560% 0 2 0 0 0
g09 7  polynomial 0.5121% 0 4 0 0 2
gl0 8 linear 0.0010% 3 3 0 0 6
gll 2 quadratic 0.0000% 0 0 0 1 1
gl2 3 quadratic 4.7713% O 1 0 0 0
gl3 5 nonlinear 0.0000% 0 0 0 3 3
gl4 10 nonlinear 0.0000% 0 0 3 0 3
gl5 3 quadratic 0.0000% 0 0 1 1 2
glé 5 nonlinear 0.0204% 4 34 0 0 4
gl7 6 nonlinear 0.0000% 0 0 0 4 4
gl8 9 quadratic 0.0000% O 12 0 0 6
gl9 15 nonlinear 33.4761% O 5 0 0 0
g20 24 linear 0.0000% 0 6 2 12 16
g21 7 linear 0.0000% 0 1 0 5 6
g22 22 linear 0.0000% 0 1 8 11 19
g23 9 linear 0.0000% 0 2 3 1 6
g24 2 linear 79.6556% O 2 0 0 2

best variants 8 neighborhoods were used; 0.7 for both inertia weight variants
andk = 0.729 [3] for both constriction factor variants. The tolerarfor equality
constraints was set ©=0.0001 for all variants.

These parameter values were defined by a trial and errorggothe population
size was varied from low values (40) to higher values (126)véver no improve-
ment was reportect; andc, values required unusually higher values to provide
competitive resultsy andk values were taken as recommended in previous research
[39, 38, 3] where the performance was the most consistefilcltnPSO presented
a high sensitivity tow andk values. Higher or lower values for these parameters
decreased the performance of the variants, which, at twerg unable to reach the
feasible region of the search space in some problems, desdigibtly improving the
results in other test functions.

LowerL; and uppeb; limits for each decision variableare handled in the flight
formula (Equation 8) as follows: After the flight, if the newluex; (t 4 1) is outside
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the limits, the velocity value;(t + 1) is halved until the new position is within the
valid limits. In this way, the search direction is maintaine

The results will be discussed based on quality and consigt€uality is mea-
sured by the best solution found from the set of 30 independ@s. Consistency
is measured by the mean and standard deviation values,mean value closer to
the best known solution and a standard deviation value ¢ttosero indicate a more
consistent performance of the approach.

In order to have more statistical support, nonparametdtissical tests were
applied to the samples presented in Tables 2 and 3. KruskHiswest was applied
to pair of samples with the same size (30 runs) and Mann-\&fitest was applied
to samples with different sizes<B0 runs) as to verify if the differences shown in
the samples are indeed significant. Test problems whereasibfe solutions were
found for all the algorithms e.g. g20 and g22, or when justdhe variant found
feasible results e.g. g13 and g17 are not considered in teete The results ob-
tained confirmed the differences shown in Tables 2 and 3,pteehe following
cases, where the performance of the compared approachassisiered similar in
problems g03 and g11 for the global best PSO with inertia ntedgd the local best
PSO with constriction factor, in problem g11 for the locakbBPSO with inertia
weight and the local best PSO with constriction factor angrivblems g02, g03,
g08 and g24 for both (global and local) constriction factarants.

The results in Tables 2 and 3 suggest that the local best P8Ccamstriction
factor (last column in Tables 2 and 3) provides the best perdace overall. With
respect to the global best PSO with inertia weight, the Ibeat PSO with constric-
tion factor obtains results with better quality and corsisy in twenty test problems
(901, g02, g04, g05, g06, g07, g08, g09, g10, 912,913, gB4 gib,gl7,918, g19,
021, g23 and g24). With respect to the local best PSO withianeeight, the local
best PSO with constriction factor provides better qualitgt aonsistency results in
sixteen problems (g01, g02, g05, g06, g07, g09, g10, g12,¢f8 g15, g16, g17,
g18, g19 and g21). Finally, with respect to the global besd Rth constriction
factor, the local best PSO with constriction factor presdmgtter quality and con-
sistency results in seventeen problems (g01, g04, g05g§06 909, g10, g11, g12,
013, g14, 915,916, gl17,918,gl1l9 and g21).

The local best PSO with inertia weight provides the “bestlgy result in one
problem (g23).

The global best PSO with constriction factor obtains monesiient results in
one problem (g23). Problems g20 and g22 could not be solveahpy? SO variant;
these problems have several equality constraints and amaist difficult to solve
[23].

Comparing the global best variants (third and fourth colsiimnTables 2 and 3)
with respect to those local best PSOs (fifth and sixth coluimiiables 2 and 3) the
results suggest that the last ones perform better in thiglsamh constrained search
spaces i.e. the global best variants have problems findeg#sible region in some
problems where the local best variants indeed find it (g08, g15, g18 and g21).
Finally, when comparing inertia weight variants (third difth columns in Tables
2 and 3) with respect to constriction factor variants (fouahd sixth columns in
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Table 2 Statistical results of 30 independent runs on the first 12peblems for the four PSO
variants compared.“(n)” means that in only “n” runs feasibblutions were found. Boldface re-

marks the best result per function. “-” means that no feassiolutions were found in any single
run.

STATISTICS FROM 30 INDEPENDENT RUNS FOR THE PSO VARIANTS

Problem & global best global best local best local best
best-known (w=0.7)  (k=0.729) (w=0.7) (k=0.729)
solution
go1 Best  -14.961 -14.951 -14.999 -15.000
-15.000 Mean -11.217 -11.947 -12.100 -13.363
St. Dev. 2.48E+00 1.81E+00 3.05E+00 1.39E+00
g02 Best -0.655973 -0.634737 -0.614785 -0.790982
-0.803619 Mean -0.606774 -0.559591 -0.543933 -0.707470
St. Dev. 2.64E-02 3.03E-02 2.00E-02 5.92E-02
g03 Best -0.080 -0.019 -0.045 -0.126
-1.000 Mean -9.72E-03 -1.72E-03  -1.00E-02 -1.70 E-02
St. Dev. 1.60E-02 4.64E-03  1.20E-02 2.70E-02
go4 Best -30655.331 -30665.43930665.539 -30665.539
-30665.539 Mean -30664.613 -30664.6080665.539 -30665.539
St. Dev. 5.70E-01 5.40E-01 7.40E-012 7.40E-012
g05 Best - - 5126.646 (18) 5126.496
5126.498 Mean - - 6057.259  5140.060
St. Dev. - - 232.25E+00 15.52E+00
g06 Best -6959.517 -6959.926 -6958.704 -6961.814
-6961.814 Mean -6948.937 -6948.121 -6941.207 -6961.814
St. Dev. 6.31E+00 6.41E+00 9.05E+00 2.67E-04
go7 Best 43.731 38.916 41.747 24.444
24306 Mean  68.394 64.186 59.077 25.188
St. Dev. 40.69E+00 17.15E+00 7.65E+00 5.9E-01
g08 Best -0.095825 -0.095825 -0.095825 -0.095825
-0.095825 Mean -0.095824-0.095825 -0.095825 -0.095825
St. Dev. 1.75E-07 7.25E-08 4.23E-17 4.23E-17
g09 Best 692.852  693.878 696.947 680.637
680.630 Mean 713.650 708.274 728.730  680.671
St. Dev. 12.96E+00 10.15E+00 15.80E+00 2.10E-02
gl0 Best 8024.273 8769.477  8947.646 7097.001
7049.248 Mean 8931.263 9243.752  9247.134 7641.849
St. Dev. 39.0.6E+01 22.94E+0118.4.7E+01  36.14E+01
gl1 Best  0.749 0.749 0.750 0.749
0.749 Mean 0.752 0.755 0.799 0.749
St. Dev. 9.27E-03 1.40E-02  5.70E-02  1.99E-03
gl2 Best -0.999 -0.999 -0.999 -1.000
-1.000 Mean -0.999 -0.999 -0.999 -1.000
St. Dev. 6.96E-07 5.13E-07  2.59E-05 0.00E+00




14 Efréen Mezura-Montes and Jorge Isacc Flores-Mendoza

Table 3 Statistical results of 30 independent runs on the last 1t2preblems for the four PSO
variants compared.“(n)” means that in only “n” runs feasibblutions were found. Boldface re-
marks the best result per function. “-” means that no feassiolutions were found in any single
run.

STATISTICS FROM 30 INDEPENDENT RUNS FOR THE PSO VARIANTS

Problem & global best  global best  local best local best
best-known (w=0.7) (k=0.729) (w=0.7) (k=0.729)
solution
g13 Best - - - 8.10E-02
0.053949 Mean - - - 0.45
St. Dev. - - - 2.50E-01
gl4 Best - - -41.400 (9) -41.496(3)
-47.764  Mean - - -38.181 -40.074
St. Dev. - - 2.18E+00 1.45E+00
gl5 Best - - 967.519 (5) 961.715
961.715 Mean - - 970.395 961.989
St. Dev. - - 2.62E+00 3.9E-01
gle6 Best -1.904 -1.903 -1.904 -1.905
-1.905 Mean -1.901 -1.901 -1.904 -1.905
St. Dev. 1.46E-03 1.37E-03 1.51E-04 5.28E-11
gl7 Best - - - 8877.634
8876.981 Mean - - - 8932.536
St. Dev. - - - 29.28E+00
gl8 Best - - -0.450967 (3)-0.866023
-0.865735 Mean - - -0.287266 -0.865383
St. Dev. - - 1.40E-01 8.65E-04
g19 Best 36.610 36.631 36.158  33.264
32.656  Mean 42.583 43.033 39.725 39.074
St. Dev. 7.05E+00 4.30E+00 2.30E+00 6.01E+00
g20 Best - - - -
0.188446 Mean - - - -
St. Dev. - - - -
g21 Best - - 800.275 (3) 193.778
193.778 Mean - - 878.722  237.353
St. Dev. - - 10.64E+01 35.29E+00
g22 Best - - - -
382.902 Mean - - - -
St. Dev. -

023 Best -3.00E-02 (5) -228.338 (20935.387(20) -98.033 (16)
-400.003 Mean  107.882 -20.159  150.312 134.154
St.Dev. 14.03E+01 13.23E+01 25.47E+01 17.99E+01
024 Best  -5.507 5507  -5.508 5508
5508 Mean  -5.507 5507  -5.508 -5.508
St.Dev. 2.87E-04  1.87E-04 9.03E-16  9.03E-16
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Tables 2 and 3), there is no clear superiority. However, atlants (inertia weight
and constriction factor) perform better coupled with lobakt PSO (ring social
network).

The overall results from this first experiment suggest thatocal best PSO with
constriction factor is the most competitive approach (dase quality and consis-
tency) in this set of test CNOPs. Besides, some importaatimdtion regarding the
behavior of PSO in constrained search spaces was obtaidetisnussed.

As an interesting comparison, in Table 4 the two most cortipetPSO variants
from this experiment (local best PSO with constrictiondaend inertia weight) are
compared with three state-of-the-art PSO-based apprsathe results show that
these two variants are competitive in some test problems, @8, g11 and g12).
However, they are far from providing a performance like thpsesented by the
state-of-the-art algorithms. Therefore, the most contipetPSO variant (local best
PSO with constriction factor) will be improved in the nexic8en of this chapter.

7 Simple Modifications to the Original PSO

Besides the results presented, the experimentin the pue8iection provided valua-
ble information regarding two issues related to PSO for taimed search spaces.
(1) The local best PSO with constriction factor presentswetaendency to con-
verge prematurely when solving CNOPs and (2) all PSO varieompared have
problems dealing with test functions with equality conistt® Therefore, two sim-
ple modifications are proposed to this most competitiveaverio improve its per-
formance. This new version will be called Improved PSO (IP.SO

7.1 Dynamic Adaptation

Based on the velocity update formula (Eqg. 10) two parameters detected as the
most influential in this calculation: (X, which affects the entire value of the velo-
city and (2)c,, which has more influence in the calculation because, motteof
time, the pbest value is the same as the current positioregfdlticle i.e. this term
in Eg. 10 may be eliminated, whereas the gbest value is diftdrom the position
of the patrticle in all the search process (except for thedgadloreover, PSO has
a tendency to prematurely converge [9]. Then, a dynamie(denistic) adaptation
mechanism [8] for these two parametki@ndc; is proposed to start with low velo-
city values for some particles and to increase these valu@sglthe search process
as follows: A dynamic value fok andc,, based on the generation number will be
used for a (also variable) percentage of particles in therawahe remaining parti-
cles in the swarm will use the fixed values for these two pataraelt is important
to note that, at each generation, the particles which wélthe dynamic values will
be different e.g. a given particle may use the fixed valuegaemtion t” and the
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Table 4 Comparison of results provided by two state-of-the-art Rf8€ed approaches and the two
local best PSO variants. “(n)” means that in only “n” runssie& solutions were found. Boldface
remarks the best result per function. “-” means that no Besolutions were found in any single

run.

PSO VARIANTS AND STATE-OF-THE-ART ALGORITHMS

Problem & local best  local best Toscano Lu Cagnina
best-known Ww=07) =0.729) &Coello & Chen etal.
solution [42] [25] [2]
go1 Best  -14.999  -15.000 -15.000 -15.000  -15.000
-15.000 Mean -12.100 -13.363 -15.000 -14.418 -15.000
g02 Best -0.614785 -0.7909820.803432 -0.664 -0.801
-0.803619 Mean -0.543933 -0.707476D.790406 -0.413 0.765
g03 Best -0.045 -0.126 -1.004 -1.005 -1.000
-1.000 Mean -1.00E-02 -1.70 E-02 -1.003 -1.002 -1.000
g04 Best -30665.539 -30665.538B0665.500-30665.659 -30665.659
-30665.539 Mean -30665.539 -30665.53980665.500-30665.539-30665.656
g05 Best 5126.646 (18) 5126.496 5126.646126.484 5126.497
5126.498 Mean 6057.259 5140.060 5461.081 5241.054 5327.956
g06 Best -6958.704 -6961.814 -6961.810 -6961.813 -6961.825
-6961.814 Mean -6941.207 -6961.814 -6961.810 -6961.813 -6859.075
g07 Best 41.747 24.444 24.351 24.306 24.400
24306 Mean  59.077 25.188 25.355 24.317 31.485
go8 Best -0.095825 -0.095825 -0.095825 -0.095825 -0.095825
-0.095825 Mean -0.095825 -0.095825 -0.095825 -0.095828.095800
g09 Best  696.947 680.637  680.638680.630 680.636
680.630 Mean 728.730 680.671  680.852680.630 682.397
gl0 Best 8947.646  7097.001 7057.900049.248 7052.852
7049.248 Mean 9247.134  7641.849 7560.047049.271 8533.699
gl1 Best 0.750 0.749 0.749 0.749 0.749
0.749 Mean 0.799 0.749 0.750 0.749 0.750
gl2 Best -0.999 -1.000 -1.000 -1.000 -1.000
-1.000 Mean -0.999 -1.000 -1.000 -1.000 -1.000
g13 Best - 8.10E-02 0.068 0.053 0.054
0.053949 Mean - 0.45 1.716 0.681 0.967

dynamic values at generatioh+ 1”. The aim is to let, at each generation, some
particles (those which use the dynamic values) to move abvaeslvelocity with
respect to the remaining ones. The expected behavior iswoddwn convergence
and, as a result, better performance i.e. better qualitycandistent results.

Based on the strong tendency of PSO to converge fast, a dgnamiation was
chosen in such a way that in the first part of the process (Ifalbtal genera-
tions)k andc; values would remain low, and in the second half of the protiesg
would increase faster. Then, the following function wassehof (y) = y*, where
y = GEN/Gmax. This function is presented in Figure 3, where it is noted tieay
low values are generated befor® n the x-axis i.e. in the first half of the search
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Fig. 3 Function used to dynamically addpaindc, parameters. In the first half of the search low
values are generated, while in the second half the valuesase very fast.

process. This means that the values for the adapted paramétiebe also low.
However, in the second part of the searclh (@ 10) the parameter values increase
faster to reach their original values.

The expressions to update both parameter values at eactratjenet + 1" are
defined as followsk'+? = k- f (y) andc,™* = c; - f (y), wherek andc; are the static
values for these parameters. The initial values are smlaiésalose to zero e.g. 4E-
13, and the values at the last generation will be exactly Kealfvaluesk = 0.729
andc, = 2.5).

As it was mentioned before, the number of particles whichwgé these dynamic
values is also dynamic. In this case, based on observatmmsidering the best
performance, an oscillatory percentage of particles wagtbst suited. Therefore, a
probability value is computed as to decide if a given pagtwill use either the static

or the dynamic valueg = k+ %, wherek is the fixed value for this parameter
(k= 0.729) andy = GEN/Gmax. The constant value 1®defines the maximum and
minimum valueg can take p € [0.62,0.82)). A higher constant value decreases this
range and a lower value increases it. The value suggeste?) (#6rked well in all
the experiments performed. The percentage of particleshwhill use the fixed
parameters is modified as shown in Figure 4.

The main advantage of the dynamic mechanism proposed irclilaigter over
the addition of extra parameters (e.g. mutation operattrs)}combination of PSO
variants or the modification of the original problem, all béim to keep PSO from

converging prematurely (as shown on previous approach®sdtion 5), is that the
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Fig. 4 Oscillatory percentage of particles that will use the fixatlies fork andc,. The remaining
particles will use the dynamic values.

user does not need to fine-tune additional parameter valeethis work is done
in IPSO by the own PSO. Even though the dynamic approach sgebe more

complicated with respect to the addition of a parametes, dldiditional mechanism
maintains the simplicity of PSO from the user’s point of view

7.2 Modified Constraint-Handling

The third feasibility rule proposed by Deb [5] selects, fromo infeasible solutions,
the one with the lowest sum of normalized constraint violati

m p
5= 3 max(0,g())+ 3 max(0,(Ih(x)| -£)) (11)
i= =1

As can be noted from Equation 11, the information of the viotaof inequa-
lity and equality constraints are merged into one singleieal Besides, in the
specialized literature there is empirical evidence thatadity constraints are more
difficult to satisfy than inequality constraints [27, 40]31

Based on the way is computed, some undesired situations may occur when
two infeasible solutions andb are compared e.g. trevalue from one of them
(calleds,) can be lower than the the other ogg)(but the violation sum for equality
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Fig. 5 Expected behavior on the modified constraint-handling raeisim.

constraints can be higher ®. Therefore, it may be more convenient to handle
these sums separately as to provide the search with moi&edetdormation in the
selection process:

5= imax(&g(x)) (12)

p
- 0,(|h(x)|— (13)
S J;maX( (Ih()[—¢))

After that, a dominance criterion (as defined in Section 2)sied to select the
best solution by using the vectosl|s?] for both solutions to be compared. The
solution which dominates the other is chosen. If both sohgiare nondominated
between them, the age of the solution is considered i.e ®olethder selection and
for the pbest update there will be always a current solutimhaanew solution to be
compared, if both solutions do not dominate each other, lither golution is kept.
In this way, the solutions will be chosen/updated only if @meount of violation
is decreased without increasing the other or if both amoargsdecreased. The
expected effect is detailed in Figure 5, where the currehttism (white circle)
must be replaced by a new one. Three candidate solutionsvailalde: P1, P2
andP3 (all black circles)P1 is discarded because it decreases the violation of the
equality constraint but also increases the violation ofleguality constraint?2 is
also discarded because it decreases the violation amotir@ isfequality constraint
but also increases the violation of the equality constr&@dis chosen because both
violation amounts are decreased P8.dominate$1 andP2.

IPSO is then based on the local best PSO with constrictidoifas a search en-
gine, coupled with the dynamic adaptation mechanisnkfamdc, parameters and
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the modification to the third rule of the constraint-hangdliechnique. No additional
operators, parameters, local search, problem re-definiB&O variants mixtures
nor original velocity or flight formulas modifications werernsidered on IPSO,
whose details are found in Figure 6 (modifications are ree@rland its behavior
and performance is analyzed in the next Section. The samieanistn explained in
Section 6 to generate values within the allowed boundaoethe variables of the
problem is also used in IPSO.

Begin
GEN=0
Generate a swarm of random solutiorg (= 1,2,..., SVARM_S ZE.
Divide the swarm im neighborhoods.
Assign equal number of particles to each neighborhood.
Initialize for each particle, Xppeg; = Xi, andv;(t) = 0.
Evaluate the fitness of the particle in each neighborhood.
Do
Select the leadeK(gey;) Of each neighborhood.
by using the modified feasibility rules
For each particle, update its velocity with (10).
by using the corresponding leader of each neighborhggg,
Depending of thep value use the fixed values fok and c,
Otherwise use the dynamic values for these parameters
For each particle, update its position with (8).
Evaluate the fitness of the new positifon each particle.
Update thexney; (Memory) valugior each particle.
by using the modified feasibility rules
GEN=GEN+1
Until GEN = Gmax
End

Fig. 6 Improved PSO pseudocode. Modifications are underlined.

8 Experiments and Results

In this Section, four aspects of IPSO are analyzed: (1) Tladitguand consistency

of its final results, (2) its online behavior by using two enmhance measures found
in the specialized literature [27], (3) its convergenceawédr by analyzing conver-

gence graphs and (4) its performance compared to thosedgabhiy state-of-the-art
PSO-based approaches to solve CNOPs. The same 24 tesinpsalsied in the pre-

liminary experiment are considered in this Section.
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8.1 Quality and Consistency Analysis

A similar experimental design to that used in the comparisbRSO variants is
considered here. IPSO is compared against two PSO origaments: global best
and local best PSO, both with constriction factor, as to ym®athe convenience
of the two modifications proposed. The parameter valuesh@edame used in the
previous experiment. 30 independent runs were performédhenstatistical results
are summarized in Tables 5 and 6 for the 24 test problems.

Like in the previous experiment, the nonparametric siatistests were applied
to the samples summarized in Tables 5 and 6. For the follopinglems, no sig-
nificant differences were found among the results providetthé three algorithms:
g04, g08 and g24. Besides, no significant difference in perdmce is found in pro-
blems g05, g13 and g17 when the local best PSO with constmitdictor and IPSO
are compared, and in problem g23 when the global and locaH&3s, both with
constriction factor, are also compared. In all the rema@miomparisons, the differ-
ences are significant. IPSO provides better quality and roonsistent results in
five problems (g03, g07, g10, g14 and g21), better qualitylteé two problems
(g02 and g18) and it also obtains more consistent resulig preblems (g01, g06,
g09, g11, g19 and g23), all with respect to the local best P&awnstriction fac-
tor, which is the variant in which IPSO is based. The origlh@0 with constriction
factor presents the best performance in problems g15. Alsomore consistent in
problems g02 and g18 and it finds the “best” quality resultrobfems g09 and g23.
The global best PSO with constriction factor is not bettearny single problem.

The overall analysis of this experiment indicates that the $imple modifica-
tions made to a competitive PSO variant lead to an improvémehe quality and
mostly in the consistency of the final results e.g. in proldemith a combination
of equality and inequality constraints such as g21 and g230 provided a very
consistent and good performance. The exception was g0Sewdhespite the better
results in the samples for IPSO, the statistical test censitithe differences as not
significant.

8.2 On-Line Behavior Analysis

Two performance measures will be used to compare the two R8&nts and IPSO
to know: (1) how fast the feasible region is reached and @pttility of each PSO
to move inside the feasible region (difficult for most BlAsaamalyzed in [27]).

1. Evals: Proposed by Lampinen [19]. It counts the numbevaiations (objective
function and constraints) required to generate the firsiliéasolution. Then, a
lower value is preferred because it indicates a faster agpréo the feasible
region of the search space.

2. Progress Ratio: Proposed by Mezura-Montes & Coello [2§,a modification
of Back’s original proposal for unconstrained optimipati1]. It measures the
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Table 5 Statistical results of 30 independent runs on the first 12pexblems for IPSO and the
two PSO variants with constriction factor compared. “(n)eans that in only “n” runs feasible
solutions were found. Boldface remarks the best resultyrestion.

STATISTICS FROM 30 INDEPENDENT RUNS

Problem &
best-known global best (k) local best (k) IPSO
solution
go1 Best  -15.000 -15.000 -15.000
-15.000 Mean -10.715 -13.815 -15.000

St.Dev. 2.54E+00  1.58E+00 0.00E+00
902 Best  -0.612932  -0.777758-0.802629
-0.803619 Mean -0.549707 -0.717471 -0.713879
St.Dev. 2.39E-02 4.32E-02 4.62 E-02
903 Best -0.157 0426 -0.641
-1.000  Mean  -0.020 0.037  -0.154
St.Dev. 3.00E-02  9.20E-02  1.70 E-01
904 Best -30665.539 -30665.539 -30665.539
-30665.539 Mean -30665.539 -30665.539 -30665.539
St.Dev. 7.40E-12  7.40E-12  7.40E-12
905 Best 6083.449 (12) 5126.502 5126.498
5126.498 Mean 6108.013  5135.700 5135.521
St.Dev. 9.78E+00 9.63E+00 1.23E+01
906 Best  -6057.015 -6961.814 -6961.814
-6961.814 Mean -6943.444  -6961.813-6961.814
St.Dev. 9.45E+00  4.66E-04 2.81E-05
907 Best 745633 24.463  24.366
24306 Mean  60.682 25.045  24.691
St.Dev. 7.50E+00  5.10E-01 2.20E-01
908 Best -0.095825  -0.095825  -0.095825
-0.095825 Mean -0.095825  -0.095825 -0.095825
St.Dev. 4.23E-17  4.23E-17  4.23E-17
909 Best 705362 680.635  680.638
680.630 Mean  736.532 680.675 680.674
St.Dev. 1.58E+01 2.90E-02  3.00E-02
910 Best  8673.098  7124.709 7053.963
7049.248 Mean  9140.877  7611.759 7306.466
St.Dev. 2.36E+02  3.22E+02 2.22E+02

gll Best 0.749 0.749 0.749
0.749 Mean 0.794 0.753 0.753
St. Dev.  5.90E-02 1.00E-02 6.53E-03
gl2 Best -0.999 -1.000 -1.000
-1.000 Mean -0.999 -1.000 -1.000

St. Dev. 2.77E-05 0.00E+00  0.00E+00
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Table 6 Statistical results of 30 independent runs on the last liZpteblems for IPSO and the
two PSO variants with constriction factor compared. “(n)eans that in only “n” runs feasible
solutions were found. Boldface remarks the best result yection. “-” means that no feasible
solutions were found in any single run.

STATISTICS FROM 30 INDEPENDENT RUNS

Problem &
best-known global best (k) local best (k) IPSO
solution
g13 Best - 0.127872 0.066845
0.053949 Mean - 0.520039 0.430408
St. Dev. - 2.30E+00 2.30E+00
gl4 Best  -47.394 (7) -45.062 (4)-47.449
-47.764  Mean -38.619 -43.427 -44.572

St.Dev. 4.95E+00  1.59E+00 1.58E+00

915 Best 967519 (5) 961.715  961.715
961.715 Mean  969.437 961.963 962.242
St.Dev. 2.62E+00 3.20E-01 6.20E-01

gle Best -1.904 -1.905 -1.905
-1.905 Mean -1.904 -1.905 -1.905
St. Dev.  1.46E-04 5.28E-11 2.42E-12
gl7 Best - 8853.721 8863.293
8876.981 Mean - 8917.155 8911.738
St. Dev. - 3.17E+01 2.73E+01

918 Best -0.295425 (5) -0.8659890.865994
-0.865735 Mean -0.191064 -0.864966 -0.862842
St.Dev. 1.20E-01 1.38E-03 4.41E-03

919 Best 37568 33939  33.967

32.656 Mean 40.250 38.789 37.927
St. Dev.  3.97E+00 3.97E+003.20E+00
g20 Best - - -
0.188446 Mean - - -
St. Dev. - - -

921 Best 666.081(7)  193.768 193.758
193.778 Mean  896.690 237.604 217.356
St.Dev. 1.21E+02  3.60E+012.65E+01

g22 Best - - -
382.902 Mean - - -
St. Dev. - - -
g23 Best -98.033 (16) -264.445 -250.707
-400.003 Mean 134.154 70.930 -99.598
St. Dev. 1.79E+02 2.58E+021.20E+02
g24 Best -5.508 -5.508 -5.508
-5.508 Mean -5.508 -5.508 -5.508

St. Dev. 9.03E-16 9.03E-16 9.03E-16
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improvement inside the feasible region by using the objedtinction values of
the first feasible solution and the best feasible solutiached at the end of the
fmin(fo)

fmin(T)
the objective function value of the first feasible solutiond andfmn (T) is the
objective function value of the best feasible solution fadum all the search so
far. A higher value means a better improvement inside thsitfiksaregion.

process. The formula is the following: Pr|In , wherefmin (fo) is

30 independent runs for each PSO variant, for each testgmlbbr each perfor-
mance measure were computed. Statistical results ardat@dand summarized in
Tables 7 and 8 for the Evals performance measure and in Tatdesl 10 for the
Progress Ratio. The parameter values for the three PSOsessarne utilized in the
previous experiment.

Regarding the Evals measure, some test problems are natlemetsin the dis-
cussion because feasible solutions were found in the lisitiarm generated ran-
domly. This was due to the size of the feasible region witlpeesto the whole
search space (Table 1, fourth column). These problems &;g0@, g08, g09, g12,
g19 and g24. Problems g20 and g22 are also excluded becansehthe algo-
rithms could find a single feasible solution.The nonparaimétsts applied to the
samples of the remaining problems confirmed the significariatifferences for
all of them, with the exception of problem g11 for the thregogithms and in the
comparison between the global best PSO and IPSO in probl8m g2

The global best PSO with constriction factor is the fastest also the most
consistent variant to reach the feasible region in four fgmois (901, g06, g07, g10).
It is also the fastest (but not the most consistent) in prold@3 and it is the most
consistent in problem g16. However, it failed to find a singlasible solution in
problems g13 and g17 and it is able to find feasible solutinfgst some runs (out
of 30) in problems g05 (12/30), g14 (17/30), g15 (5/30), A/80Q), g21 (7/30) and
023 (16/30). The local best PSO with constriction factorvites the fastest and
more consistent approach to the feasible region in prob®3negnd it is the fastest
(but not the most consistent) in problems g16, g18 and g2ihlllyj IPSO presents
the fastest and more consistent approach to the feasihlenragfour problems
(g05, g13, g15 and g17) and it is the most consistent in foablpms (g03, g14,
gl8 and g21).

The overall results for the Evals performance measure shatithe global best
PSO with constriction factor, based on its fast converggmesents a very irregular
approach to the feasible region, being the fastest in sowiggms, but failing to
find feasible solutions in others. The local best PSO withstriagtion factor is not
very competitive at all, whereas IPSO provides a very coamsiperformance, while
not the fastest. However, IPSO has a good performance idgmslg05 and g21,
both with a combination of equality and inequality consitai The exception in this
regard is problem g23.

The behavior, regarding Evals, presented by IPSO is someRkpected, because
the approach to the feasible region might be slower becaumse particles will use
lower parameter values in the velocity update, mostly irfitise half of the search.
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Table 7 Statistical results for the EVALS performance measure dase30 independent runs in
the first 12 test problems for IPSO and the two PSO variants eghstriction factor. “(n)” means
that in only “n” runs feasible solutions were found. Boldfaemarks the best result per function.

EVALS
Problem global best (k) local best (k) IPSO
g01 Best 162 246 252
Mean 306 368 419
St. Dev. 6.40E+01 5.41E+01 7.77E+01
g02 Best 0 0 0
Mean 0 0 0
St. Dev. 0.00E+00 0.00E+00 0.00E+00
g03 Best 189 366 457
Mean 3568 2118 1891
St. Dev. 3.50E+03 1.35E+039.82E+02
go4 Best 0 0 0
Mean 4 2 2
St. Dev.  5.14E+00 3.11E+002.92E+00
go5 Best 33459 (12) 16845 13087
Mean 86809 23776 17037
St. Dev. 4.53E+04 3.68E+032.21E+03
g06 Best 180 256 254
Mean 440 513 562
St. Dev. 2.73E+02 2.58E+021.86E+02
go7 Best 178 484 812
Mean 873 1164 1316
St. Dev.  7.11E+02 4.01E+022.52E+02
g08 Best 4 0 3
Mean 56 78 76
St. Dev. 3.97E+01 5.21E+01 5.79E+01
g09 Best 5 8 17
Mean 88 94 107
St. Dev. 5.01E+01 4.81E+01 6.91E+01
glo Best 242 579 522
Mean 861 972 1202
St. Dev. 3.29E+02 2.69E+02 4.56E+02
g1l Best 85 249 364
Mean 1662 1152 1009
St. Dev. 2.10E+03 8.32E+025.72E+02
gl2 Best 2 0 1
Mean 19 15 25
St. Dev. 1.60E+01 1.77E+01 2.17E+01
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Table 8 Statistical results for the EVALS performance measure dase30 independent runs in
the last 12 test problems for IPSO and the two PSO variantsamitstriction factor. “(n)” means
that in only “n” runs feasible solutions were found. Boldfaemarks the best result per function.
“-” means that no feasible solutions were found in any simgte

EVALS
Problem global best (k) local best (k) IPSO
g13 Best - 11497 8402
Mean - 1.75E+04 1.28E+04
St. Dev. - 2.82E+03 1.82E+03
gla Best  7820(17) 9481 (4) 8353
Mean 33686 13485 12564
St. Dev. 2.47E+03 3.13E+033.07E+03
gl5 Best 24712 (5) 7299 5228
Mean 68444 11805 8911
St. Dev. 4.16E+04 2.43E+031.72E+03
gl6 Best 164 32 106
Mean 309 442 493
St. Dev. 1.28E+02  2.26E+02 2.23E+02
gl7 Best - 21971 16489
Mean - 29458 22166
St. Dev. - 5.07E+03 2.73E+03
918 Best 110395 (5) 2593 2614
Mean 125303 5211 4479
St. Dev. 2.31E+04 1.04E+038.87E+02
g19 Best 0 0 0
Mean 2 2 2
St. Dev. 2.15E+00 2.13E+00 2.90E+00
g20 Best - - -
Mean - - -
St. Dev. - - -
g21 Best 43574 (7) 11617 13403
Mean 82594 27978 19652
St. Dev. 3.45E+04 7.11E+033.51E+03
g22 Best - - -
Mean - - -
St. Dev. - - -
923 Best 8499 (16) 2081 18304
Mean 32661 17797 28764
St. Dev. 2.58E+04 1.35E+045.34E+03
g24 Best 0 0 0
Mean 1 1 2

St. Dev. 1.95E+00 1.88E+00 2.36 E+00
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Table 9 Statistical results for the PROGRESS RATIO performancesmesbased on 30 indepen-
dent runs in the first 12 test problems for IPSO and the two P&{ants with constriction factor.
“(n)” means that in only “n” runs feasible solutions were ol Boldface remarks the best result
per function.

PROGRESS RATIO

Problem global best (k) local best (k) IPSO
g01 Best 0.302 0.346  0.368
Mean 0.196 0.266 0.295
St. Dev.  5.90E-02 5.00E-02 3.80E-02
g02 Best 1.388 1.373 1.218
Mean 0.884 1.015 1.013
St. Dev.  1.20E-01 1.00E-01 9.00E-02
g03 Best 0.346 0.346 0.334
Mean 0.037 0.026 0.067
St. Dev.  6.50E-02 7.25E-01 8.10E-02
g04 Best 0.110 0.120 0.124
Mean 0.070 0.080 0.071
St. Dev.  2.30E-02 2.30E-02 2.50-02
g05 Best 4.273E-07 (12) 0.087 0.087
Mean  1.250E-07 0.056 0.036
St. Dev.  1.64E-07 3.70E-02  3.20E-02
g06 Best 0.799 0.807 0.772
Mean 0.306 0.348 0.296
St. Dev. 2.00E-01  1.80E-01 1.90E-01
g07 Best 2.117 2.504 2.499
Mean 1.656 1.919 1.963
St. Dev.  3.60E-01 3.60E-01 3.50E-01
g08 Best 0.494 0.451 0.556
Mean 0.317 0.304 0.356
St. Dev.  9.10E-02 9.20E-02 7.20E-02
g09 Best 4.685 4.394 4768
Mean 2.622 2.209 2.510
St.Dev. 1.29E+00 1.12&+00 1.24E+00
glo0 Best 0.598 0.665 0.678
Mean 0.360 0.482 0.468
St. Dev. 1.30E-01  1.00E-01 1.10E-01
gl1l Best 0.143 0.143 0.143
Mean 0.088 0.113 0.101
St. Dev. 4.70E-02 4.90E-02 5.20E-02
gl2 Best 0.342 0.281 0.285
Mean 0.136 0.119 0.096
St. Dev.  7.20E-02  6.70E-02 7.40E-02
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The nonparametric tests applied to the samples of resulthédProgress Ratio
showed no significant differences for the three algorithmgrioblems g04, g08,
g12, g16 and g24 and in the comparison of the local best PSI®asitstriction
factor and IPSO in problems g13 and g17. Problems g20 and @22 discarded
because no feasible solutions were found. In the remainiolgems, the differences
are significant.

Despite being very fast in reaching the feasible regiongtbbal best PSO ob-
tains the “best” improvement within the feasible regionyoinl problem g02 and it
is the most consistent in problem g09. The local best PSOrahiiae “best” quality
and most consistent results in problems g05, g06, g15, gd §B8. Also, it presents
the best result in problem g07 and the most consistent ingonewt in the feasible
region in problems g10, and g19. IPSO is the best approaskdban quality and
consistency in problems g01, g13, g14, g21 and g23. Besigagsents the “best”
quality results in problems g10 and g19 and it is the mostister® approach in
problem g07.

As a conclusion for the Progress Ratio measure, IPSO doesignaficantly
improve PSQ’s ability of moving inside the feasible regiblowever, IPSO is very
competitive in problems with a combination of equality andduality constraints
(921 and g23), but it is surpassed by the local best PSO witistdotion factor
in problem g05 as well as in other problems. A last finding tmaek is the poor
results obtained for the global best PSO with constrictaetdr. It seems that its
fast approach to the feasible region leads to an inabilitynfarove solutions inside
it.

8.3 Convergence Behavior

The convergence behavior of the two original PSO variandd B8O is graphically
compared by plotting the run located in the mean value froreta®30 indepen-
dent runs. Problems where the behavior is very similar an¢ten The graphs are
grouped in Figure 7. Based on the behavior found in thosehgtdPSO is able to
converge faster than the two PSO variants in problems g@ag@ g10, even local
best PSO with constriction factor achieves similar reduliisSin more generations.
Global best PSO with constriction factor is trapped in a leggimum solution. In
problem g03, the local best PSO provides the best conveegehite IPSO and the
global best PSO with constriction factor are trapped in llogdima solutions. Fi-
nally, IPSO clearly shows a better convergence in probletsgl7, g21 and g23.
Itis worth reminding that problems g21 and g23 have a contlonaf equality and
inequality constraints. Therefore, the graphs suggesttiigamodified constraint-
handling mechanism helps PSO in this kind of problems.
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Table 10 Statistical results for the PROGRESS RATIO performancesmeabased on 30 inde-
pendent runs in the last 12 test problems for IPSO and the 8@ ¥ariants with constriction
factor. “(n)” means that in only “n” runs feasible solutiowsre found. Boldface remarks the best
result per function. “-” means that no feasible solutionserfeund in any single run.

PROGRESS RATIO

Problem global best (k) local best (k) IPSO
g13 Best - 1.165 2.327
Mean - 0.410 0.549
St. Dev. - 3.40E-01 5.70E-01
gla Best 7.564E-04 (7) 0.077 (4) 0.167
Mean  3.253E-04 0.028 0.061
St. Dev. 2.78E-04 3.50-02  3.90E-02
gl5 Best 1.520E-06 (5) 5.460E-03 5.419E-03
Mean  6.866E-07 2.805E-03 2.571E-03
St. Dev. 5.79E-07 1.82E-03 1.67E-03
gl6 Best 0.379 0.509 0.412
Mean 0.224 0.217 0.246
St. Dev. 7.20E-02 9.20E-02  8.90E-02
gl7 Best - 0.023 0.022
Mean - 8.342E-03 6.015E-03
St. Dev. - 7.17E-03 6.50E-03
918 Best 0.660 (5) 1.540 1.297
Mean 0.348 0.883 0.690
St. Dev. 2.70E-01 3.30E-01 2.90E+00
919 Best 3.463 3.470 3.580
Mean 2.975 3.062 3.050
St. Dev. 2.70E-01  1.80E-01 3.2E-01
g20 Best - - -
Mean - - -
St. Dev. - - -
g21 Best 7.252E-03 (7) 0.819 0.819
Mean 1.036E-03 0.628 0.646
St. Dev.  2.74E-03 1.60E-01 1.40E-01
g22 Best - - -
Mean - - -
St. Dev. - - -
923 Best 2.697E-03 (16) 0.691 0.847
Mean  3.835E-04 0.139 0.240
St. Dev. 6.19E-04 1.90E-01 2.10E-01
g24 Best 1.498 1.211 1.062
Mean 0.486 0.443 0.481

St. Dev.

3.50E-01 2.60E-01 2.40E-01
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Fig. 7 Representative convergence graphs for the two compared/&&dts and IPSO.

8.4 Comparison with State-Of-The-Art PSO-Based Approashe

As a final comparison, IPSQO’s final results are compared veifipect to those re-
ported by four state-of-the-art PSO-based approachesafijpr@aches are the PSO
algorithms proposed by Toscano and Coello [42], Li et al],[20 and Chen [25]
and Cagnina et al. [2]. These approaches are selected eettayswere tested
against the same set of test problems. Statistical reqétst,(mean and worst val-
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ues) are shown in Table 11. Test problems g14 to g24 are ahbi¢ieause no results
are reported by the compared approaches.

The statistical results show that IPSO provides the modistant results in pro-
blems g05 (with a combination of equality and inequalitystoaints), g06 and g13.
IPSO also has a similar performance with respect to the P8@pared in pro-
blems g01, g04, g08, g11 and g12. Moreover, IPSO obtainsitensl best perfor-
mance in problems g02, g07, g09 and g10. In problem g03 IPS©tisompeti-
tive at all. Regarding the computational cost of the comgphagproaches, Toscano
and Coello [42] and Cagnina et al. [2] use 340,000 evaluatibhet al. [20] do
not report the number of evaluations required and Lu and @2f&rreport 50,000
evaluations. However, Lu and Chens’ approach requiresdfigition of an extra pa-
rameter calledv and the original problem is also modified. IPSO requires &0,
evaluations and does not add any extra operator or complelaném to the orig-
inal PSO, keeping its simplicity.

9 Conclusions and Future Work

This chapter presented a novel PSO-based approach to SdW@E Unlike tradi-
tional design steps to generate an algorithm to deal witlsttaimed search spaces,
which in fact may produce a more complex technique, in thiskveopreliminary
analysis of the behavior of the most known PSO variants weaemeed as to get
an adequate search engine. Furthermore, empirical evéddaut the convenience
of using PSO local best variants in constrained search spaas found (constric-
tion factor was better than inertia weight). From this firgberiment, the local best
PSO with constriction factor was the most competitive varand two simple mod-
ifications were added to it: (1) a dynamic adaptation medmarno controlk and
c, parameters, these to be used for a dynamically adaptednpegesof particles
in the swarm and (2) the use of a dominance criterion to coenppdeasible solu-
tions in such a way that new solutions are accepted only i ktbe sums of ine-
quality and equality constraint violations (handled seapely) are decreased. This
Improved PSO (IPSO) was compared against original PSOntarizased on their
final results and also based on their on-line behavior. IBS@al results were sig-
nificantly improved with respect to the original variants1 e other hand, IPSO
was not the fastest to reach the feasible region and it dighmmtove considerably
the ability to move inside the feasible region. In other vgrithe way the original
PSO works in constrained search spaces was modified in suely &wat a slower
approach to the feasible region allowed IPSO to enter it feomore promising
area. However, this issue requires a more in-depth analy/s&s convergence be-
havior shown by IPSO suggest that their mechanisms promio¢tter exploration
of the search space to avoid local optimum solutions in mbgietest problems.
Finally IPSO, which does not add further complexity to PS@yjaed competitive
and even better results, with a moderate computational ed&n compared with
four state-of-the-art PSO-based approaches. A final ceirelwf this work is that,
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Table 11 Comparison of results with respect to state-of-the-art B&€ed approaches|)(indi-
cates that the results for this function were not available.

Comparison with state-of-the-art PSO-based approaches.

Problem & Toscano Li, Tian Lu Cagnina
best-known & Coello &Kong & Chen etal. IPSO
solution [42] [20] [25] [2]
g01 Best -15.000 -15.000 -15.000 -15.000 -15.000
-15.000 Mean -15.000 -15.000 -14.418 -15.000 -15.000
Worst -15.000 -15.000 -12.453 -134.219 -15.000
g02 Best -0.803432 | -0.664 -0.801  -0.802629
-0.803619 Mean-0.790406 | -0.413 0.765  -0.713879
Worst -0.750393 | -0.259 0.091  -0.600415
g03 Best -1.004 | -1.005 -1.000 -0.641
-1.000 Mean -1.003 | -1.002 -1.000 -0.154
Worst  -1.002 | -0.934 -1.000 -3.747E-03
go4 Best -30665.500 -30665.6080665.539 -30665.659 -30665.539

-30665.539 Mean -30665.500 -30665.580665.539-30665.656-30665.539
Worst -30665.500 -30665.5030665.539-25555.626-30665.539

g05 Best 5126.640 5126.4955126.484 5126.497 5126.498
5126.498 Mean 5461.0815129.298 5241.054 5327.956 5135.521
Worst 6104.750 5178.696 5708.225 2300.544369.191

g06 Best -6961.810-6961.837 -6961.813 -6961.825 -6961.814
-6961.814 Mean -6961.8106961.814 -6961.813 -6859.075-6961.814
Worst -6961.810 -6961.644 -6961.813 64827.548061.814

g07 Best 24.351 | 24.306 24.400 24.366
24306 Mean 25.355 | 24.317 31.485 24.691
Worst  27.316 | 24.385 4063.525 25.15

g08 Best -0.095825 -0.095825 -0.095825 -0.095825 -0.095825

-0.095825 Mean-0.095825
Worst -0.095825

-0.095825 -0.0958250.095800 -0.095825
-0.095825 -0.0958250.000600 -0.095825

g09 Best 680.638 680.630 680.630 680.636  680.638
680.630 Mean 680.852 680.654 680.630 682.397 680.674
Worst 681.553  680.908 680.630 18484.759 680.782
gl0 Best 7057.900 | 7049.248 7052.852 7053.963
7049.248 Mean 7560.047 | 7049.271 8533.699 7306.466
Worst 8104.310 | 7049.596 13123.465 7825.478
gll Best 0.749 0.749 0.749 0.749 0.749
0.749 Mean 0.750 0.749 0.749 0.750 0.753
Worst  0.752 0.749 0.749 0.446 0.776
gl2 Best -1.000 | -1.000 -1.000 -1.000
-1.000 Mean -1.000 | -1.000 -1.000 -1.000
Worst -1.000 | -1.000 9386 -1.000
913 Best  0.068 | 0.053 0.054 0.066
0.053949 Mean 1.716 | 0.681 0.967 0.430
Worst  13.669 | 2.042 1.413 0.948
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regarding PSO to solve CNOPs, the previous knowledge aheutduristic used as
a search engine led to a less complex but competitive apipr&aat of the future
work is to improve the dynamic adaptation proposed in thipter i.e. adaptive
mechanism, testing more recent PSO variants such as thelFidimed PSO [26],
to test PSO variants with other constraint-handling mesimas such as adaptive
penalty functions [41] and to use IPSO in real-world protdem
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